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SECTION 1

INTRODUCTION

1.1 BACKGROUND

Several recent studies have demonstrated that the structural effi-

ciency of military and commercial aircraft can be improved by taking advantage

of the postbuckled strength of stiffened panels. An assessment of the current

postbuckled stiffened panel design; analysis and applications technology

(References 1 and 2) shows that several deficiencies need to be addressed to

establish a systematic postbuckling design methodology. In References 1 and 3

a design and analysis methodology was developed for flat and curved stiffened

panels made of either composite or metallic materials, and subjected to either

compression loading or shear loading. In practice, however, stiffened

airframe panels are subjected to a combination cf axial compression and shear

loads. A semi-empirical design methodology for curved metal panels under

combined loading exists (Reference 4) but has seen limited verification. The

present program was undertaken to extend the Reference 1 and Reference 4

methods for application to curved composite panels under combined uniaxial

compression and shear loading, and to further substantiate the metal panel

design procedures.

1.2 PROGRAM OBJECTIVES

The overall objectives of the program were to develop validated

design procedures and an analysis capability for curved metal and composite

postbuckled panels under combined uniaxial compression and shear loading. The

specific requirements encompassed by these objectives were as follows:

1. Extend the existing semi-empirical analysis methodology (Refer-

ence 1) into a design tool for curved composite and metal

panels subjected to combined uniaxial compression and shear

loading. Account for any unique failure modes.

1



2. Develop a more rigorous energy method based analysis to predict

the displacement and stress fields in postbuckled panels.

3. Develop a static and fatigue data base for composite and metal

panel design verification.

4. Develop a fatigue analysis method for metal panels.

5. Prepare a procedural design guide. Exercise the design guide

on a realistic aircraft component.

The work performed to accomplish these objectives is documented in

this report.

1.3 PROGRAM S

Me program approach and plan paralleled those in Reference 1. At

the onset, a technology review was conducted to update the data base and to

clearly define the deficiencies in the static strength, durability and damage

tolerance design and analysis of postbuckled metal and composite panels. The

durability and damage tolerance technology assessment is documented in Refer-

ence 2. As a result of this technology assessment, a semi-empirical design

methodology for curved panels under combined loading was established and a

verification test program was planned. In addition, an energy method based

approach to predict the static response of postbuckled stiffened panels was

formulated. The tecý,nology assessment was accomplished in Task I of the

program. A summary of the data gaps identified by thi-, technology assessment

is summarized in Table 1. In Task II, Data Base Development, the tests

required to fill the data gaps ideutified in Task I were conducted.

Analytical model development and verification was accomplished in Task III.

Task IV consisted of technology consolidation where the results of the

program were incorporated in a Design Guide (Reference 5) for postbuckled

structures.

The composite and metal panels tested in the program were cylindric-

ally curved and identical to the shear panels tested in Reference 1. The

design methodology initially established from the technology assessment was

used to estimate the buckling and postbuckling load capacities of the panels.

2
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Static and fatigue tests including several static strain surveys were conduct-

ed on the test articles. The static test data were used to verify the semi-

empirical design methodology, whereas the fatigue test data were utilized to

determine the fatigue failure modes and obtain load versus life data to

formulate fatigue analysis approaches. The test results, in conjunction with

the semi-empirical design methodology were used to update the Preliminary

Design Guide (Reference 3).

1.4 REPORT OUTLINE

This report details the correlations between the results of the

semi-empirical and rigorous analyses, and the tests conducted. Section 2

describes the semi-empirical analysis methodology and Section 3 details the

development (,f the energy method based analysis, The actual correlations

between the analysis and test results are presented in Section 4.

Volume I of the final report presents an executive summary of the

program. The test program details are documented in Volume II of the final

report. Correlation between the test data and analyses is presented in

Volume III. The Design Guide Update and the Software User's Manual are

published separately as Volumes IV and V, respectively.
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SECTION 2

SEMI-EMPIRICAL DESIGN METHODOLOQI

2.1 BACKGROUND

An in-depth survey of the semi-empirical design methods for metal

panels and their evolution into a design methodology for curved composite

panels under shear or uniaxial compression loads is given in Reference 1. The

shear panel and compression panel analysis methods of Reference 1 were used as

the starting points for the current program. Initially, the interaction rules

used for metal panels (References 4 and 6) -ere adopted to predict buckling

under combined shear and compression load g. Test data were then used to

verify these rules and suggest modifications where necessary. Postbuckling

failure envelopes were developed by accounting for the failure modes possible

under shear loading only, and under pure compression loading. Failure predic-

tions under combined loading took into account load interaction for stiffener

crippling and skin rupture. This semi-empirical analysis methodology is de-

tailed in the following subsections.

2.2 DESIGN METHODOLOGY

A complete static analysis of postbuckled structures consists of

predicting the initial buckling loads, the failure or ultimate load of the

panel after buckling, and the local skin and stiffener displacement and stress

fields. The latter predictions are especially required for metal panel

fatigue analysis. The semi-empirical methodology detailed in this section can

be used to obtain the initial buckling and the failure loads. The energy

method based analysis described in Section 3 is useful in predicting the local

stresses and displacements.

The semi-empirical analysis method was selected as a design tool for

postbuckled structures to provide a quick, inexpensive, and reasonably accu-

rate but conservative design methodology. The scope of this program encom-

5



passed cylindrically curved stiffened panels loaded in uniaxial longitudinal

compression and shear. Since the Reference 1 methodology is the basis for the

combined loading design procedure, the semi-empirical analysis described in

this section applies to cylindrically curved panels under simultaneously

acting longitudinal compression and in-plane shear.

The essence of the combined loading design procedure is summarized

in Figure 1. As can be seen in the figure, the curved panel is analyzed for

compression and shear loads independently according to Reference 1 methods.

Buckling loads under combined loading are predicted using the parabolic

interaction rule developed for metal panels (References 4 and 6). Failure

analysis requires consideration of failure modes under shear and compression

acting independently and those due to the interaction of the loads. The

failure modes affected by combined loading are stiffener crippling, and skin

rupture under tensile loading determined from a principal strain analysis and

the maximum strain criterion. The following paragraphs present the detailed

equations necessary for a semi-empirical analysis.

2.2.1 Skin Buckling Strain/Load

The shear and compression buckling strains or loads for metal and

composite panels are calculated according to the equations given in Reference

1. For continuity these equations are summarized below.

The compression buckling stress for curved metal sheet panels can

be calculated from:

K ir2E ft) 2

FCR . c tw (_)12(l-V2) S

where,

FCR buckling stress, psi

tw thickness of the skin, in

bs stiffener spacing measured between fastener lines, in

6
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E,Y modulus and Poisson's ratio for the sheet material

Kc buckling coefficient determined from Figure 2 (References 6 and
7)

The theoretical value of Kc is obtained from the buckling equations for thin

cylindrical shells and is a function of the nondimensional curvature Z of the

panel expressed as

b2 (l-v2)4
z S

rt-

where r is the radius of the cylindrical panel. Experimental data (Reference

7) have shown that Kc is also a function of the r/t ratio for the panel. The

design curves of Figure 2, obtained from test data, show this dependence of Kc

on r/t.

CompresSion buckling strains for curved composite panels can be

accurately determined through the use of computer codes SS8 (Reference 8) and

BUCLASP-2 (Reference 9), for example. However, for an approximate calculation

of the skin buckling strain, the simplified equation given below can be used.

w _ 2 i + 2 (Dl2+ 2D66) L( 2 + D22 nLcr LFwwb nb

(2)
E

+ yw

- ___ 2 + y

(]2r- ~E ~ mbw]

where Dii are the terms of the bending stiffness matrix of the composite skin,

Exw, Eyw, Gxyw, Yxyw, and tw are the web elastic constants and thickness,

respectively, L is the panel length, bw is the width of the skin, R is the

radius of curvature of the panel and n and m are integer coefficients repre-

senting the number of half buckle waves in the width and length direction,

respectively. The lowest value of strain for various values of n and m

represents the buckling strain of the specimen.

8
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The effective width of the skin, bw, was assumed to be equal to the

distance between the two adjacent stiffeners measured from one stiffener

flange centroid to the next stiffener flange centroid. Note that bw is less

than the stringer spacing hs.

Equation 2 was derived in Reference 10 from the equations developed

for the buckling of orthotropic complete cylinders by making simplifying

assumptions.

The shear buckling stress or strain for composite webs can be calculated using

program SS8 (Reference 9). The buckling stress for curved metal webs can be

calculated usinf"

K 7r2 Eh2

rcr,elastic sl S if hr hs
12R2 Z2

(3)
K w2 Eh 2

s2 s if hs hr
12R2 Z2

where,

Ks,Ks2 - critical shear stress coefficients for simply sup-
ported curved plates, given in Reference 6

R panel radius, in.

E - Young's modulus for the material, psi

h2
Z . .. J L =I) if hr hs

Rtw

h2
r. if hs hr

Rtw

V - Poisson's ratio for the material

The composite panel buckling loads obtained from program SS8 are in

terms of running loads Nx,cr and Nxy,cr for compression and shear loading,

respectively. The critical buckling stresses for metal panels, Equations 1

and 3 can be converted to running loads as follows:

10



0
Nxcr - Fcr.tw

0
NxYcr - rcr,elastic'tw

where tw is the skin thickness.

For combi~xed compression and shear loading, the buckling loads can

be computed from (Re. rence 6):

2
Rc + Rs - 1 (4)

0 0 0 0

where, Rc - Nxcr/NXcr and Rs - NxYcr/NxYcr. Nxcr and NxYcr are the pure

compression and pure shear buckling loads, respectively, and Nxcr and Nxycr

are the buckling loads when the shear and compression loads are acting

simultaneously. The presence of compression stresses reduces the shear

buckling stress and vice versa.

2.2.2 Failure Analysis and Margin Computation

Failure analysis of postbuckled structures requircs identification

of all possible failure modes and calculating the loads corresponding to the

critical failure mode. For curved panels under combined loading a failure

envelope spanning the load ratio Nx/Nxy values of 0 (i.e., Nx-O, NxyoO) to

(i.e., NxO0, Nxy-0) is a convenient means for identifying the critical failure

mode. The procedure to develop this failure envelope is detailed in the

following subsections.

2.2.2.1 Compression Loading Failure Analysis (Nx/Nxy_-.J% Nxy-O)

The analysis for failure under compression loading has been devel-

oped and documented in Reference 1. Under compression loading the possible

failure modes are:

11



1. Euler buckling of the stiffened panel

2. Stiffener crippling

3. Stiffener/skin separation for composite panels with cocured or

bonded stiffeners

4. Skin permanent set for metal panels.

Euler Buckling Strain Calculations. The Euler buckling strain for a

stiffened panel is calculated by treating the panel as a wide column with the

width set equal to the stiffener spacing. The critical strain is calculated

using the standard column equation:

eCR - CE (5)
EA L2

where, El is the equivalent bending stiffness of the panel, EA is the equiva-

lent axial stiffness, L is the panel length, and C is the end fixity coeffi-

cient. The fixity coefficient depends upon the support conditions at the

panel ends. Most compression panels are tested by flat end testing and the

results obtained by using C - 4 are unconservative; therefore, a value of C -

3 is recommended. The values of C for other end conditions can be obtained

from Reference 6 (Subsection A18.23).

Stiffener CripDling Strain/Stress Calculation. The crippling

strength of metal stiffeners is calculated using the well established Needham

or Gerard methods documented in Reference 7. In the present program, the

Gerard method was used since it is a generalization of the Needham method and

was derived from a broader data base. The empirical Gerard equation for

calculating the crippling stress for 2 corner sections, such as the Z, J and

channel sections, is:

cs - 3.2 [ (6)

Fcy

where

12



Fcs - crippling stress for the section, psi

Fcy - compressive yield stress of the material, psi

t - element thickness, in.

A - section area, in 2

A design curve based on Equation 6 is shown in Figure 3 taken from Reference

6 Additional crippling equations that apply to sections other than 2 corner

sections are also given in Reference 6.

In order to calculate the crippling strains for stiffeners made of

composite materials, a semi-empirical methodology was developed ir the pro-

gram. The methodology consists of modeling the stiffener in terms of inter-

connected flat plate elements, calculating the initial buckling and crippling

strains for each element, and determining the crippling strain for the stiff-

ener as the lowest strain that causes crippling of the most critical element

in the stiffener section. It should be noted here that the absolute minimum

of the crippling strains for the various plate elements is not necessarily the

stiffener crippling strain; element criticality with respect to stiffener

stability has to be considered as well. The procedural details of this

methodology given in the following paragraphs provide additional clarifica-

tions relating to the determination of the most critical plate element.

The first step in calculating the stiffener crippling strain is to

model the stiffener as an interconnected assembly of plate elements. As

examples, plate element models of a hat-section and a J-section stiffener are

shown in Figure %. The hat-section stiffener is made up of four elements,

whereas, the J-section stiffener consists of nine elements.

The crippling strains for the plate elements are calculated from

empirical equations of the form

•crs (7)e c 1 -1c C r l

where

13



r=

1.5m
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Figure 3. Crippling Stress Fcs for Two Corner Sections e.g., Z, J,
and Channel Sections (Reference 6, Figure C7-9).
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Figure 4. Plate Element Models of Hat- and J-Section Stiffeners.
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6cs M crippling strain of the plate element

Ecr - initial buckling strain of the plate element

Ecu M compression ultimate strain for the plate element laminate

a,# - material dependent coefficients obtained from test data

Equation 7 has the same functional form as that used by Gerard (Reference 7)

for metal stiffeners. The coefficients a and P depend on the plate edge

conditions and have been obtained in References 11 and 12 from a large data

base for plate elements that are connected on both sides (e.g., Elements 2, 3,

and 4 of the hat-section stiffener shown in Figure 4). The crippling strain

for stiffener plate elements connected on both sides is given by (Reference

12):

0.0c.u 47567

ecs - 0.568676cr[-crl (8)

where ecr, the buckling strain for the plate element, is given by (Reference

13):

6cr - b2t {DIDD22 + D12 + 2D6 6] (9)

In Equation 9

b - plate element width

t - plate element thickness

Ex - compression modulus of the plate laminate along the
longitudinal direction

Dij - terms from the laminate bending stiffness matrix, (ij -
1, 2, 6)

Equation 9 applies to plate elements for which the length-to-width ratio (L/b,

where L - stiffener length) is at least 4.

The crippling strain for plate elements that are connected on one
side only is calculated using the following equation:

6cc - 0(4498ecr[c10)
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where,

12 D 66+4ff2D11()

b 2 t Ex L2 t Ex

L - length of the stiffener

with the other nomenclature remaining the same as for Equations 8 and 9.

The coefficients in Equation 10 were obtained by fitting Equation 7

to the crippling data generated from tests on one-edge free plates in Refer-

ences 11 and 12. Data for two material systems, T300/5208 and AS/3501 graph-

ite/epoxy, were pooled to obtain Equation 10.

In Equations 8 through 11, the thickness of plate elements attached

to the skin is taken as the sum of the plate element and the cocured skin

thicknesses. In the case of the hat-section stiffener, crippling strains for

plate elements representing the skin only, such as Element 4 in Figure 4 are

also calculated. Another consideration in calculating the crippling strain

for stiffener flange elements attached to the skin is the choice of an appro-

priate element width. For example, in most practical designs the stiffener

flanges attached to the skin are tapered by dropping-off plies as shown in

Figure 5 for a hat-section stiffener. The flange plate element width in this

case is defined as the width to the end of the taper with the weighted average

of the element thickness added on to the attached skin thickness to obtain the

total thickness for use in Equations 8 through 11.

Equations 8 through 11 are quite general in nature and take into

account ply composition, stacking sequence, and material characteristics. The

ply composition, i.e., the percentages of 00, 450, and 90° plies, is reflected

in the compression ultimate strain ecu. Stacking sequence effects are ac-

counted for in the expression for ecr where the bending stiffnesses Dij are

used. The Dijps and ecu also account for mechanical property changes from one

material system to another. Use of strair rather than stress for crippling

calculations provides another significant advantage in that laminate non-

linearity (e.g., stress-strain response of ±45* laminates) is accounted for by

way of the compression ultimate strain ecu.
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Figure 5. Ply Drop-Offs in Hat-Section Stiffener.
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Failure Load Calculation. The failure load for the panel is deter-

mined as the lowest of the loads calculated for the various instability modes

mentinned above, for stiffener-web separation in composite panels, and for

skin or stiffener yielding in metal panels. The methods for failure load

calculation are given in the following paragraphs.

Failure Load Due to Euler Bucklin". The failure load due to Euler

buckling is calculated using the following equation:

E
PE " cr (ExsAs + Exwbwtw) (12)

where,

E
6cr " Euler buckling strain determined using Equation 5

Exs- Compression modulus of the stiffener in the loading
direction

As - Cross-sectional area of the stiffener

Exw - Compression modulus of the web (skin) in the loading
direction

bw - Stiffener spacing

tw - Skin thickness

Failure Load Due to Stiffener Crippling. In order to determine the

failure load due to stiffener crippling, it is necessary to determine the load

carried by the stiffener and the panel web individually. The load carried by

the stiffener (Ps) is determined as follows:

1. Determine the two lowest crippling strains (eccl) and (fcc2) of

all the elements making up the cross-section using Equations 8

through 11.

2. If the element with the lowest crippling strain (eccl) is

normal to the axis of least bending stiffness of the cross-

section, the stiffener will fail at a strain equal to eccl, and

the corresponding failure strain of the stiffener is given by:

PS - ExsAx eccl (13)
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3. If the element with the lowest crippling strain is parallel to

the axis of least bending stiffness of the cross-section, the

stiffener will carry additional load until the second member in

the cross-section becomes critical due to crippling. In this

case the load carried by the stiffener is given by:

PS - (EA)I (eccl - ecc2) + ecc2 ExsAs (14)

where (EA) 1 is the extensional stiffness of the member becoming

critical first, and the stiffener failure strain

cc
es - Ecc2

The total load carried by the panel is the sum of the load carried

by the stiffener up to crippling and the load carried by the buckled skin. In

order to calculate the load carried by the skin, the effective width concept

is utilized. The effective width for metal panels is calculated using the

semi-empirical equation given below (Reference 6):

W 1. l9tw]L E (15)

where

w - effective width of the skin after initial buckling

tw - skin thickness

Fst - stress in the stringer

For composite panels, in the absence of any other guidelines,

Equation 15 expressed in terms of strain is used to compute the effective skin

width. Thus,

-0.5

w - 1. 9 tw(es) (15A)

for composite skins where es - strain in the stiffener.

Thus, the total load carried by the panel for a stiffener crippling

mode of failure is given by:

Pcc " PS + Pw (16)
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where

Pee - load carried by the panel at stiffener crippling

Ps  - stiffener load given by Equation 14

Pw - load carried by the skin

The load Pw is calculated as:

2-
Pw - Fcs w tw - l.9tw JEFcs (17)

for metal panels, and for composite panels as:

2 cc 0.5

Pw - 1.9tw Es(E5 ) (18)

Failure Load Due to Stiffener/Web Separation. Failure of composite

stiffened panels due to stiffener/web separation is a common mode of failure

in the postbuckling range. It is extremely difficult to predict this failure,

even by using rather sophisticated analysis methods. The attempts to date on

making such predictions have been inconclusive. A simple empirical equation

to predict such failure was developed in this program. The correlation of

experimental data with the predicted failure loads based upon this equation is

surprisingly good. The empirical equation was derived by analogy with the

crippling data for plates with one edge simply supported and one edge free.

It is hypothesized that when the panel web strain reaches the crippling strain

the interfacial stresses become high enough to cause failure. The equation

should represent the lower bound on predicted failure loads. Any attempts to

improve the interface (for example, by stitching, riveting, etc.) can result

in higher failure loads.

Pss - Fss (ExsAS + Exwbwtw) (19)

where

S[]"0.72715
es - 0.4498 ecr[ (20)

5ss " Failure strain for stiffener/web separation

Ps s - Failure load for the stiffener/web separation mode
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The metal compression panel analysis methodology outlined in the

preceding paragraphs has been experimentally validated (e.g., Reference 7) and

is representative of current usage. In the case of composite panels,

available composite compression panel test data were utilized to validate the

semi-empirical analysis (Reference 1).

2.2.2.2 Shear Loading Failure Analysis (Nx/Nxy-O*Nxy$0)

Flat or curved shear panel analysis is accomplished by means of the

semi-empirical tension field theory developed by Kuhn (Reference 4) for metal

panels. In Reference 1 the tension field theory was modified for application

to composite shear panels by taking into account material anisotropy.

The essential elements of the generalized (for application to metals

as well as composites) tension field theory and its application are summarized

in Figure 6. Details of the semi-empirical analyses required to perform the

various steps in Figure 6 are given in the following paragraphs. The equa-

tions as presented below pertain to cylindrically curved composite panels and

to flat composite panels if terms incorporating the radius of curvature R are

set equal to zero. Use of the appropriate values for elastic constants in the

equations permits their direct application to metal panels. The analysis

procedure is based entirely on the theory presented in Reference 4 unless

specifically noted.

Computation of the Diagonal Tension Factor. The diagonal tension

factor k characterizes the degree to which diagonal tension is developed in

the skin of stiffened panels loaded in shear. A value of k - 0 characterizes

an unbuckled skin with no diagonal tension; a value of k - 1.0 characterizes a

web in pure diagonal tension. The diagonal tension factor is computed using

the following expression:

k - Tanh [(.5 + 300 R w h r log ..L..j(21)
cr
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Figure 6. Application of Tension Field Theory to Shear Panels.
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where

S- web thickness

hr - ring spacing

hs - stringer spacing

R - panel radius

S- applied shear stress - Nxy/tw

0
'rcr " buckling shear stress of web under pure shear conditions

0Njycr/tw

The pure shear buckling stresses for composite and metal panels are calculated

using the techniques given in Subsection 2.2.1.

Computation of Diagonal Tension Angle 'a'. An initial value is

assigned to the diagonal tension angle 'a' that defines the angle of the

'folds' in the buckled skin. For curved web systems a-30* was found to be a

convenient starting point. The actual value of a is determined by the itera-

tive procedure outlined below.

Using the assumed initial value of a a 'new' value for a is calcu-

lated by the equation: [-0.
al . Tan-[ s (22)

where

E[,Sn2a + wEX2 (1-k) Sin2o (22a)E w a i n 2 G r sC c

es -kr Cota (22b)

s% + 0.5 (l-k)RsEws]

er - -kr Tana (22c)

+0.5(1-k) Ewr]
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Rf - 2 if hr > hs

(22d)

- 1 2 Tan2a if hs > hr

For eccentric stringers and rings

El•s " EAs __s

(22e)
El

i•r - EAr _r

E~r

In Equations 22, c is the skin strain in the diagonal tension direction, and

c. and Er are the strains in the stringer and the ring leg attached to the web

averaged over their lengths, respectively. Ewa, Ews, and Ewr are the web

moduli in the direction of the tension field, stringers and rings, respec-

tively. Grs is the web shear modulus, EAs and EAr are the effective axial

stiffnesses of the stringers and the rings, respectively, calculated with

respect to the skin mid-surface. EI is the bending stiffness about the stiff-

ener neutral axis and El the bending stiffness about the web midsurface.

In general, al, the new diagonal tension angle will not equal the

initially assumed value of 30*. Therefore, al is used as the next guess and

the computations of Equation 22 are repeated until the process converges,

i.e., anew c aold.

Once the diagonal tension angle has been determined with sufficient

accuracy, the next step is to compute the margins of safety.

CoMputation of Stringer and Frame Margins of Safety. The diagonal

tension angle value computed above is now substituted in Equations 22 to

obtain the diagonal tension strain in the skin, the stringer qtrain, and the

ring strain. Next, the stringer and ring strains averaged over the cross

section and the length (eave) and the maximum strains in the legs attached to

the web (cmax) are computed using the following equations:
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EA
CSave - 6s S (23)

EAs

6 max - Es [1 + 0.775 (l-k)(1-0.8r)] if hs > hre~mTx

(24)

- es [i + 0.775 (1-k)(l-0.8.A)] if hs < hrhrh

EA
6rave - Er r (25)EAr

ermax - er [1 + 0.775 (l-k)(l-0.8Js)] if hs > hr

(26)

- er [1 + 0.775 (l-k)(l-0.8•)] if hs < hr

The stringer and ring crippling mode of failure is then analyzed for by

computing the stringer and ring forced crippling strains (60s and eor, respec-

tively) using the following equations:

E0 10.
-o allo05cs k2/3 (27)

Eor - o.ooo58 [[Eall j k2/ 3 t] 1 /3  (28)

where eall is the laminate allowable strain, Ecs and Ecr, are the compression

modulus of the stringer and ring leg attached to the web, respectively, and

tus and tur are the thickness of the stringer and the ring leg attached to the

web.

The critical stiffener strains corresponding to the bending stiff-

ness required for stiffener stability are calculated using Equations 29 and

30.
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41r2 EI

Ess - _ s (29)ExsAshr2

4.R2 tI
6 rS r (30)

ExrArhs 2

where 6s, and rB are the Euler buckling strains for the stiffener and the

ring, respectively.

The margins of safety can now be computed for each of the possible

failure modes by comparing the calculated strain values with the allowables.

Thus, to ensure positive margins, the following failure modes are examined and

the corresponding inequalities verified.

I. For stringer and ring stability 6sB > 6save
i.e., no column failure

6rB > 6 rave

3 3h
2. For stability of the entire EIs > Estw( -A - 2)hs

panel, i.e., to prevent buck- hr
ling of the web as a whole, be- (31)
fore formation of the tension 3 3h
field EIr > Ertw(h--r - 2 )hr

3. For prevention of forced cripp- 60s > 6smax
ling of stiffeners

6or > Ermax

An additional check needs to be performed for metal panels where

yielding or permanent set in the web is likely due to excessive skin deforma-

tion. The only available criterion for permanent set check has been empiri-

cally obtained from tests on flat aluminum metal panels. Its applicability to

other materials or curved panels has not been verified. Thus, in the absence

of any other guidelines, the flat panel requirement that the maximum allowable

value of the diagonal tension factor kall be limited to

kall - 0.78 - (t-0.012) 0 . 5 0  (32)

at design ultimate load to prevent permanent buckling of the web at limit

load. is used in the present analysis.
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0 0
2.2.2.3 Cgmbined Loading Failure Analysis (Nx/Nxy-B.Nxcr/Nxyy!&).

The effects of shear and compression loading interaction have to be

accounted for in a combined loading failure analysis. For the combined

loading case, the additional considerations are:

1. The buckling stresses are reduced in accordance with the

interaction given in Equation 4.

2. Compression stresses in the stiffeners prior to buckling are

those due to the directly applied compression only. However,

after buckling the compression stresses due to diagonal tension

must be added to the direct compression.

3. The allowable stress calculation for the stiffeners must

account for an interaction between the forced crippling (panel

shear induced) and natural crippling (direct compression

induced) modes of stiffener failure.

4. Calculation of the stiffener stresses due to applied shear

loads is modified to account for the presence of the compres-

sion load.

The buckling interaction equation can be rewritten as

0 0 2

Nxcr/Nxcr + (Nxycr/Nxycr) 1

then,

Nxycr - Nxycr ll-(Nxcr/Nxcr) (33)

The diagonal tension factor k is expressed as

k - tanh .5 + 300 Rw hrJ log N-RxrJ (34)
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where

Nxy - applied shear load

Nxycr - shear buckling load for combined loading as calculated
from Equation 33.

Calculation of k using Equation 34 is subject to the auxiliary rules that if

hs > hr then replace hr/hs with hs/hr and if the resulting ratio is greater

than 2 then use a value of 2 for the ratio.

The diagonal tension angle a is computed iteratively using the same

procedure as for pure shear, but with appropriate modifications to the

stiffener strain expressions. Thus, if a-30° initially then the new a is

calculated using Equation 22 where c, the skin strain is obtained from

Equation 22a, the ring strain from Equation 22c and the stiffener strain from

the following expression:

Cs -"krcotoa (35)
EA[I st + 0.5(1lk)EwsRshst

2
where Rc+Rs - 1.

As in the pure shear case, sufficient iterations need to be per-

formed so that anew = aold.

Computation of Stiffener Margin of Safety. The total stiffener load

can be expressed as:

Ps 5  Px + Pxy (36)

where Px is the load in the stiffener due to direct compression and Pxy is the

load in the stiffener due to the diagonal tension folds. The resulting

stiffener strain can be expressed as (References 6 and 7)

-N h k N cota
es - Xs yx (37)

1 [,(EA)sA(EA)s twEws] tw _051kEwsR5]

where the negative signs denote a compression strain, w is the effective width

of the skin after buckling as obtained from Equations 17 or 18 and Rs from
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Equation 4. The average and maximum strains in the stiffener can be computed

by analogy to the pure shear case, i.e.,

-N h k N cota (EA)ESav .x~s , _______ "s (38)

[ (EA) s] (EA)s
(EA)s + w tw j ...A_+0.5(l-k)EWSRS

-N h k N cota

+~_ 0 ~ s .5s-k)EwsRs]

(EAas + w tws xy sto 39

where

h
Do - [I + 0.775(l-k)(1-0.8 _s) if hs > hr

(40)

r h
-jI + 0.775(1-k)(1-0.8 -r) if hs < hr

In computing margins of safety for stiffener design, the above

strains have to be compared against the Euler buckling strain and the stiffen-

er crippling allowable strain. For Euler buckling, it is immaterial whether

the stiffener compressive strain arises from the direct compression load, Px,

or from the diagonal tension action caused by Pxy* Eu]dr buckling failure is

assumed to take place when es given by Equation 38 above reaches eSB given
ave

by Equation 29. The nature of stiffener crippling under combined loading,

however, requires that the interaction between the strain due to direct com-

pression and the strain due to diagonal tension be accounted for. This is

because crippling under diagonal tension is caused by forced deformation of

the stiffener leg attached to the web, whereas direct compression causes crip-

pling failure by local instability of the entire stiffener section. An empir-

ical expression for this interaction has been given in Reference 4 for curved

metal panels. For generic application to metal and composite panels the
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Reference 4 interaction is expressed in cerms of strains as follows:

6•Co (Es] 1.5

ECC t'os)
s

where

co
es the direct compression strain

so
es the compression strain due to diagonal tension which cause

stiffener crippling while acting simultaneously

cc
es the stiffener crippling strain under pure compression

loading as computed from Equations 9 and 10, and the
procedure given in Section 2.2.2.

-os the forced crippling strain of the stiffener under pure

shear loading calculated from Equation 27.

The margin of safety is computed as follows:

M.S. - 1-

+ L 1J
cc

where

c -N h
Cs - S

[(EA)s + w twEws]

and

s -kN cotaeSmax -Y Do (42)

tw[()s 0.5(l-k)EwsRs]
hstw

ComDutation of Ring Margin of Safety. Metal panel test data show

that the hoop compression stresses in the ring due to diagonal tension are

unaffected by the axial compression on the curved panel as a whole. There-

fore, Equations 22c, 25, and 26 can be readily used to compute the ring

strains and margins of safety.
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2.2.3 Automated Semi-Empirical Design Methodology

The design procedure outlined above has been coded in a computer

program called PBUKL for use as a design tool. Detailed documentation of this

program is given in Reference 14. The program is an extension of TENWEB,

works interactively, and has several built-in stiffener profiles for design

flexibility.

Program PBUKL was used to design the curved panels tested in this

study,
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SECTION 3

ENERGY METHOD BASED ANALYSIS DEVELOPMENT

3.1 PROBLEM FORMULATION

The energy approach was used for problem formulation. The problem

was formulated for a stiffened, curved anisotropic laminated plate. The

laminate was assumed to be balanced and symmetric. A small imperfection in

the lateral displacement was also included in the formulation. The panel

geometry and the coordinate system are shown in Figure 7. This figure also

shows the relationship between the overall postbuckling structural configura-

tion and the panel geometry used in the analysis. Since the adjacent bays are

assumed to deform in an identical fashion, a single bay was analyzed. Figure 7

snows that the material properties for the skin are Aij and Dij, where Aij

(All, A1 2 , A2 2 and A6 6 ) is the skin stiffness matrix and Dij (DII, D1 2 , D1 6 ,
* * *

D2 2 , D2 6 and D6 6 ) is the skin rigidity matrix. The material axes 1 and 2 are

assumed to coincide with the panel geometry coordinate axes x and y,

respectively. The panel, with length a and width b, is bounded by stringers

along the straight edges and frames or rings along the curved edges. The

cross-sectional area, Young's modulus and moment of inertia of the stringers

are As, Es and Is respectively. Those of the frames are Af, Ef and If. The

radius of the curved panel is R.

The energy expressions are written in terms of the displacement

components u, v and w in the x, y and z directions, respectively. The panel

is assuted fixed along x - o and subjected to a system of combined compression

(Nx) and shear (Nxy) load along the edge x - a. The boundary conditions for

the displacement components are therefore given by:

u - v - w - o for x - o

w - O for x - a (43)

w - o for y - o and y - b
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The total potential energy, ir, is the sum of the strain energy

stored in the skin, Uw, in the stringers, Us, in the frames, Uf, and the

potential of the external load, 0, and is written as:

S- Uw + Us + Uf + 0 (44)

The strain energy in the skin for an anisotropic plate with A16 =

A2 6 - 0 is given by

Iv * 2 **2 *2Uw [ 1 All A x + 2Al2cxty + A22*y +A667xy

2 2 * *

"+ Dllw,xx + 2Dl2w,xxW,yy + 4 Dl6WxxWxy (45)

* 2 * *2

"+ D22w,yy + 4 D26w,yywxy + 4D6 6wxy) dv

where ex, cy and 7xy are the strain components. Commas denote differentiation

with respect to the subscripted variables.

The strains are expressed in terms of the displacements u, v and w

using the nonlinear strain-displacement relations:

8x 2 [x]2

S _+ w + Kw (46)
6y 2 t8yj r

Ixy - v + a + aw

ax By ax 8y
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In the derivations that follow, the coordinate variables x and y are

normalized with respect to their respective panel dimensions. The normalized

coordinates ( are given by

x- (47)
a b

The strain displacement relations can then be rewritten as:

1 2ex . uý +-!-_ Wý
a 2a 2

2
Cy - vn + 1 w +w (48)b n 2b2 17 R

-' vý + 1 un + 1 wewa b ab

In Equation (48) and hereafter, the subscripts to the displacements u, v and w

denote differentiation with respect to the subscript variables.

Substituting the strain-displacement relations, Equation (48), into

Equation (45) the strain energy stored in the skin becomes:

Uw ~ J All [2~~ e4auw + 14  we d] ,

A1 2  uevn +2__ uew+-- uewY
* . 0ab aR ab2

S1 w+ w +w ]ded,7 (49)
Ab 'e a2R e 2a2b2  i

+ + R 2 b3

2 R2

+ Iww + --I w dd3
bOR 4b4
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+ .26 u, 1_ v2 + _22 u vý + _2_ uw~w

a2  ab ab2

22
-• •(7+ 2 - W W7 dtdi,A a2b2  t ]7

+ 2D1 2t + 2D2*1 w

a 4  a 2 b 2  a 3 b

D 2 4D 0662 2
b4 2 6 ww +-a wa ]dad

The strain energy in the stringer is

1 1

A E 1 2 1IE j 2
Us -A sE u_ (Q,O) dt + s s vt (t,O) dt (50)

2a 2a 3

The strain energy in the frame is

1 1

AfE 2 1IE [2
UF. I v (1,'7) dq + f f u'? (1,') dq (51)

2b 10  2 2 3  o

The potential of the external loads is

0 - - J0 u(lq) dn - bNxy J v(l,q) dq (52)

The solution method employs the principle of minimum potential

energy. In applying the principle of minimum potential energy, the

displacement components are assumed to be functions of the independent

variables t and q. The selected functions must satisfy the displacement

boundary conditions given in Equation (43) and minimize the total potential

energy. A generalized series expression for the displacement functions with

unknown coefficients was selected for the present analysis and these are as

follows:
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u - AnmfI + alaý

v - Bnmf 2 + blaý (53)

w - cnmf 3 + Dnmf 4 + w0 f 5 ,

In Equation (53), the functions fj - fi(x,y;n,m), i - 1, 2, 3, 4, are

arbitrarily selected admissible functions. The expressions such as Anmfi are

shorthand expression for a double series, i.e.,

N M
Anmfi - Z Z Anm fl (x,y;n,m)

n-l m-l

The coefficients Anm, Bnm, Cnm, Dnm, al and bI are unknown coefficients to be

determined by minimizing the total potential energy. The term Wo in Equation

(53) is the initial imperfection at the panel center. The function f 5-f 5 (Q, 0)

is the initial imperfection function in terms of the lateral displacement and

satisfies the displacement boundary conditions.

Substituting Equation (53) into the energy expressions and using the

definitions given in Appendix A for the individual energy integrals, the

energy expressions finally become:

* 11 1 2
* { Anm Apq G1 l + ba1 Anm F1 + 2b alUw" 2l a AqII2

ill illii
+ -h- (Anm Cpq Crs H1 3 3 + 2 Anm Cpq Drs H1 34 + Anm Dpq Drs H14 4 )

2a2

bw 11 i1 11
+ ---.2 (Anm Cpq H1 35 + Anm Dpq H145) + b__ (al Cnm Cpq G3 3
a2  n p q15 2a mp

11 11 bw 11 11
+ 2aI Cnm Dpq G3 4 + aI Dnm Dpq G44) + a__o (a1 Cnm G35 + al Dnm G45)

a

bw2  111 bw2  11 rii1
+ 0 Anm H155 +_Q al G55 + b Cnm Cpq Crs Ctu 13333

2a 2  2a 8a 3

l iii iiii (54)

+ 4 Cunm Cpq Crs Dtu 13334 + 6 Cnm Cpq Drs Dtu 13344 (Cont'd)
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+ 4 Cnm Dpq Drs Dtu 13444 + Dnm Dpq Drs Dtu 14444

+ 4 wo (Cnm Cpq Crs 13335 + 3 Cnm Cpq Drs 13345

i111 111 111
+ 3 Cnm Dpq Drs 13445 + Dnm Dpq Drs 14445) + 6 wo (CAm Cpq 13355

+ 2 Cnm Dpq 13455 + Dnm Dpq 14455) + 4 wo (CAm 13555

+ Dnm 14555) + w 15555

* f 12 2
+ A12  Anm Bpq G1 2 _ aal Bnm F2

10 10 10
A (Anm Cpq G13 + Anm DpqGl4 + wo Anm GI5)

+a& (a1 Cnm F3 + ai Dnm F4 + Wo ai F5 )
R

122 122 122
2b (An Cpq Crs H133 + 2ACm Cpq Drs H134 + Dpq Drs H144)

w 122 122 22
"+ bb (Anm Cpq H135 + Anm Dpq H145) + 2b (al Cnm Cpq G3 3

22 22 aw 22
"+ 2aI Cnm Dpq G3 4 + a1 Dnm Dpq G44) + --_o (a1 Cnm G35

b

22 w2  122 aw2  22
"+ a1 Dnm G45) + -0 Anm H1 5 5 + --- aI G55

2b 2b

211 211 211
+A nn pq Crs H2 3 3 + 2 Cpq Drs H2 3 4 + B Dpq Drs H2 4 4

w 211 211 w2  211
+ -0 (Bnm Cpq H235 + Bnm Dpq H245) + -__Q Bnm H2 5 5

a 2a

011 011 110

+ -h [Cnm +pq Crs H3 3 3 + Om Cpq Drs (2H334 + H334) (54 cont'd)
2aR
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011 110 011
"+ Cnm Dpq Drs (H3 4 4 + 2H 3 4 4 ) + Dnm Dpq Drs H444

011 110 011 101 110
"+ WO Cnm Cpq (2H335 + H335) + 2wo Cnm Dpq (H345 + H345 + 345)

011 110 011 101
"+ wo Dnm Dpq (2H445 + H445) + Wo Cnm(H355 + 2H355)

2 011 110 3 011
"+ wo Dnm (H4 5 5 + 2H455) + wo H555]

1122 1122 1221
"4 ab [ u Cpq Crs Ctu 13333 + 2 Cnm Cpq Crs Dtu (13334 + 13334)

1122 1212 2211
"+ Cnjg Cpq Drs Dtu (13344 + 413344 + 13344)

1122 2112 1122
"+ 2 Cpnm Dpq Drs Dtu (13444 + 13444) + Dnm Dpq Drs Dtu 14444

1122 1221 1122
"+ 2wo Cnm Cpq Crs (13335 + 13335) + 2wo Cnm Cpq Drs (13345

1212 1221 2211 1122 2112
+ 213345 + 213345 + 13345) + 2wo n Dpq Drs (213445 + 13445

1221 2211 1122 1221
"+ 13445 + 213445) + 2wo Dnm Dpq Drs (14445 + 14445)

1122 1212 2211 1122
"+ Wo Cnm Cpq (13355 + 413355 + 13355) + 2wo Cnm Dpq (13455

1212 2112 2211 2 1122 1212 2211
"+ 213455 + 213455 + 13455) + wo Dnm Dpq (14455 + 414455 + 14455

3 1122 2112 3 1122 2112 4 1122 ][
"+ 2wo Cnm (13555 + 13555) + 2wo Dm (14555 + 14555) + wo 15555

a 22 20 20
" A22 Bnm Bpq G22 + A (Bnm Cpq G23 + Bnm Dpq G24

2b R

20 00 00 00
"+ Wo Bnm G2 5 ) + Ab (C nm Cpq G33 + 2Cnm Dpq G3 4 + Dnm Dpq G4 4 )

2R
2

abw 00 00 abw2 00 222

+ R (Cnm G35 + Dnm G4 5 ) + _ G5 5 + a (Bnm Cpq Crs H233
2b 2  2b 2  (54 Cont'd)
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222 222 aw 222
"+ 2Bnm Cpq Drs H2 3 4 + Bnm Dpq Drs H2 4 4 ) + b2Oh (Bnm Cpq H2 3 5

222 aw2  222 022
"Brnm Dpq H24 5 ) +.0 B2 m H255 + a Cnm Cpq Crs H3 3 32b2 2bR

022 220 022 202
"+ Cnim Cpq Drs (2H 3 34 + H3 34 ) + Cnm Dpq Drs (H34 4 + 2H 3 4 4 )

022] aw[
+Dn D Drs H4 44  + "-L0bR Cnm Cpq (2H3 3 5 + 2H 3 3 5 + H3 3 5 )

pq rs44 2bR p

"022 202 220 022 220 1
+ 2Cnm Dpq (H3 4 5 + H3 4 5 + H3 4 5 ) + Dnm Dpq (2H 4 4 5 + H4 4 5 )]

aw2  [ 022 202 022 202 ] aw3 022
"+ ._ b Cnm (H3 5 5 + 2H 3 5 5 ) + Dnm (H4 5 5 + 2H4 5 5 ) + 0 H5 5 5

2bR 2bR

[2222 2222
"+ I Cnm Cpq Crs Ctu 13333 + 4Cnm Cpq Crs Dtu 13334

8b 3

"2222 2222
+ 6Cn~ Cpq Drs Dtu 13344 + 4 Cnm Dpq Drs Dtu 13444

2222 2222
"+ Dnm Dpq Drs Dtu 14444 + 4wo (Cnm Cpq Crs 13335

2222 2222 2222
"+ 3Cnm Cpq Drs 13345 + 3Cnm Dpq Drs 13445 + Dnm Dpq Drs 14445

2 2222 2222 2222
"+ 6wo (Cnm Cpq 13355 + 2Cnm Dpq 13455 + Dnm Dpq 14455)

3 2222 2222 2222 11
"+ 4wo (Cr 13555 + Dnm 14555) + Wo 15555

* r 22 11 1 2
"A66 AnApq GI1 + Bnm Bpq G22 + bbl Bnm F2 + ab b12

A

21 2 1212
"+ Arn Bpq G12 + abI Anm F1 + A Cpq Crs H133  (54 Cont'd)

b 4
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212 221 212
"+ Anm Cpq Drs (H1 3 4 + H1 3 4 ) + Anm Dpq Drs H1 4 4

221 212 212 221
"+ wo Anm Cpq (H1 3 5 + H1 3 5 + Wo Anm Dpq (H1 4 5 + H1 4 5 )

] [112 112 121

"+ wo Am H1 55 ] + [ Brim Cpq Crs H2 3 3 + Bnm Cpq Drs (H234 + H234)
a

112 121 112
"+ Brim Dp ..:s H2 4 4 +Wo Brn Cpq (H2 3 5 + H2 3 5 )

112 121 2 112 1 12
"+ wo Bnm Dpq (H2 4 5 + H245) + wo Bnm H2 5 5 J + b1 Cnm Cpq G3 3

12 12
"+ bI Cnm Dpq (G3 4 ) + bI Dnm Dpq G4 4

21 12 21 121] 2 12
"+ wo [ bl Cnm (G3 5 ) + G35 ) + bI Dnm(G 4 5 + G4 5) + wo bl G5 5

+ 1122 1122 1221
+C2a Cpq Crs Ctu 13333 + 2Cnm Cpq Crs Ddtu 113334 + 13334)
2ab 1

1122 1212 2211
"+ Cnm Cpq Drs Dtu (13344 + 413344 + 13344)

1122 2112 1122
"+ 2Cnm Dpq Drs Dtu (13444 + 13444) + Dnm Dpq Drs Dtu 14444

1122 1221
"+ 2wo Cun Cpq Crs (3335 + 13335)

1122 1212 1221 2211
"+ 2wo Cnm Cpq Drs (13345 + 213345 + 213345 + 13345)

1122 2112 1221 2211
"+ 2wo Cnm Ddpq Drs (213445 + 13445 + 13445 + 213445

1122 1221
"+ 2wo Dnm Dpq Drs (14445 + 14445)

2 1122 1212 2211
"+ wo Cnm Cpq (13355 + 413355 + 13355)

2 1122 1212 2112 2211 (54
"+ 2wo C0 pn Dpq (13455 + 213455 + 213455 + 13455) Cont'd)

2 1122 1212 2211 3 1122 2112
"+ wo Drm Dpq (14455 + 414455 + 14455) + 2wo Cnm (13555 + 13555
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3 1122 2112 4 1122 ii
"+ 2wo Dnm (4555 + 14555 + wo 15555

bD* 33 33 33 33
"+ 2a3 (CnmCpq G3 3 + 2 Cnm Dpq G34 + Dunm Dpq G44 + 2wo Cnm G3 5

2a 3

33 2 33 D*2 34

" 2wo Dnm G45 + wo G5 5 ) + 12 Cnm 0pq 033
ab I f

34 43 34 43 34
"+ Cnm Dpq (G34 + 034) + Djnm Dpq G4 4 + wo Cnm (G35 + G35)

34 43 2 341 2D*j [ 35
"+ WO Dnm (G45 + G45) + w° G55 J + -- C Cpq G3 3

2
a

35 53 35 35 53
"+ Cnm Dpq (G34 + G34) + Dnm Dpq G44 + wo Cnm (G3 5 + G35)

35 53 2 351 aD*2 [ 44
"+ wo Dnm (G45 + G45) + wo G55 Jb+ run Cn 0pq G3 32b 3

44 44 44 44
"+ 2Cnm Dpq G34 + Dinm Dpq G44 + 2wo Cnm G35 + 2wo Dnm G45

441 2D*6 [ 45 45 54
"+ wo G55 b2+ b2n Cpq G33+ Cr Dpq (034+034)

45 45 54 45 54
"+ Dpnm Dpq 044 + wo Cnm (G35 + G35) + wo Djnm (G45 + G45)

2 451 2D * 55 55
"+w G5 5  6 [ Ia Cpq G33 + 2CrunDpq G34

55 55 55 55 1
"+ Dnm Ddpq G44 + 2wo Cnm G35 + 2wo Dnm G45 + wo G5J (54)

A E 1 II 1 221
us L s I Arun Apq K11 + 2a al Arn Jl + ala (55)

I E 33
+ ss Brn Bpq K2 2

2a
3

AfEf 22 IfE 44Uf Brm Bpq K22 + ff Anm Apq K11 (56)2b 2b3
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fl- Nx [Anm J1 + ala] b

N xy [ Bnm J 2 + b l a b (57)

The total potential energy is minimized with respect to the unknown

coefficients. The minimization process yields a system of nonlinear algebraic

equations. Details of these algebraic equations are given in Appendix A.

These equations can be expressed in the following form:

LI -c ](58)
where the subscript L denotes the linear terms of the partial derivative of

the total potential energy with respect to a particular unknown coefficient

(A), subscript N denotes the nonlinear terms and C represents the terms that

are independent of the unknown coefficients.

An alternate approach to minimize the total potential energy is to

directly evaluate the energy expressions given by Equations (54) through (57).

In this approach, the values of the unknown coefficients are initially

assumed. The value of the total potential energy is then directly evaluated

using the assumed values of the coefficients. The values of the coefficients

are systematically varied and the value of the corresponding total potential

energy is evaluated iteratively until the minimum potential energy is

approximately achieved. The values of the unknown coefficients are then

substituted into Equation (58) to verify the numerical accuracy. This

procedure is adopted as an alternate approach because of a convergence problem

encountered in solving the nonlinear system, Equation 58, directly.

The numerical solution procedures are discussed in Sections 3.2 and

3.3. Section 3.2 details a single mode solution, in which only one buckling

mode is selected for analysis, i.e., only one term for each of the

displacement functions fi, i = 1, 2, 3, 4, is used. In this case, the system

of Equations 58 is reduced to six equations and direct solution of Equation 58
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presents little difficulty. The multi-mode solution is discussed in Section

3.3. Because of the interaction between buckling modes, numerical solution of

Equation 58 is not always possible. A combination of the two approaches

discussed earlier is used to determine the unknown coefficients.

In the actual numerical solution, the displacement functions havw to

be specifically defined. The functions that satisfy the boundary conditions

and describe the displacement behavior observed in postbuckled panel tests are

as follows:

f1Q(, q; n, m) - sin H1 cos (n1T - mIq)

f 2 (Q, 7; n, m) - (I - cos H1) cos (nh mllq)

f 3(Q, q; n, m) - sin n11f sin mIln (59)

f4(Q, q; n, m) - sin H1 sin Hn sin (nWl m11i)

f5s(, q) - sin H1 sin Hq

The individual energy integrals written in terms of the above

functions are evaluated in closed form. Detailed expressions of all the

energy integrals are given in Appendix A.

3.2 SINGLE MODE ANALYSIS

The number of nonlinear algebraic equations in the system given by

Equations (58) depend on the number of buckling modes used in the analysis.

The number of equations can be calculated from the relation 4NM+2, where N is

the number of buckling modes in the x-direction and M is the number of

buckling modes in the y-direction. As N and M increase, the number of

nonlinear terms on the right hand side of Equation 58 also significantly

increases (see Equations A-9 through A-14 in Appendix A). A large number of

nonlinear terms present numerical difficulty in solving Equation (58). On the

other hand, although the postbuckling behavior of a stiffened panel is mixed-

mode behavior in general, the displacement response is dominated by a single

buckling mode. Therefore, if the dominant buckling mode is known, the

postbuckling behavior can be accurately described using a single-mode

analysis.
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Let n be the selected buckling mode in the x-direction and m the

mode in the y-direction. Then the number of equations in the nonlinear system,

Equation (.58) is reduced to six. Since there is no mode interaction, the

energy integrals G, H, I, K in Equations A-9 through A-14 become

Gij, nmpq m Gij, nmnm

Hijk,nmpqrs - Hijk,nmnmum (60)

(Y660)
Iijkl, nmpqrstu - Iijkl, nmnmnmnm

Kaa,nmpq - Kaa, nminm

In addition, for the case of no initial imperfection, i.e., wo - o, the total

number of integrals involved in Equations 58 is reduced to 108. The reduced

system of nonlinear equations can be solved with - :y high accuracy by an

iterative technique using the method of successive linearization. In this

method, each of the unknown coefficient, Anm, Bnm, Cnm, Dnm, a1 and bI is

assigned an initial value and substituted into the right-hand-side of Equation

58. Equation 58 now becomes a system of linear algebraic equations and can be

easily solved for the new values of the unknown coefficients. Using the new

set of coefficients as initial values, another set of improved coefficients

can be obtained by solving the linearized system. This procedure is continued

until the solution converges within a desired limit. In the actual solution,

only the initial values of the coefficients at the first load level need to be

assigned. At higher load levels, the initial values are obtained by

extrapolating the converged solutions of the preceding load levels to reduce

the number of iterations.

The results of the single-mode solution for an example problem are

presented below. The panel geometry and the material properties used in this

problem are:

Panel Length a = 17.5 in.

Panel Width b - 10.0 in.

Panel Radius R - 45.0 in.
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All - 562 kips/in A12 - 174.7 kips/in
*: *

A2 2 - 582 kips/in A6 6 - 225 kips/in

DlI - 121 lb/in D12 - 36.4 lb/in

D16 - D26 - 0 D22 - 121 lb/in D6 6 - 46.87 lb/in

As - 0.11 in 2  Es - 10 x 106 psi Is - 0.00615 In 4

Af - 0.5 in 2  Ef - 10 x 106 psi If - 5.0 in4

In this example, the frame is assumed to be very rigid, this is

simulated by using a relatively large moment of inertia (5.0 in 4 ) as compared

to that of the stringer (0.00615 in 4 ). The ratio of the compression to shear

load (Nx/Nxy) used in the examle is -1.0.

The results of the single mode analysis for this example are

illustrated in Figures 8 through 15. These results include solutions for m = 1

with n rarging from 1 to 6. The value of a1 as a function of the total

compression load (Pxx - bNx) is shown in Figure 8. The parameter al is an in-

plane displacement parameter. The value of a1 is essentially the axial strain

in the x-direction due to end-shortening and is obtained from the first of

Equations 53. As shown in Figure 8, at varies linearly with applied load for

n - 1. For n 2 2, the end-shortening parameter becomes approximately bilinear

with applied load. The load level where the slope of the end-shortening curve

changes signifies initial buckling of the skin. The figure shows that the

initial load is lower for some of the higher buckling modes (larger value of

n). The initial buckling load for n - 2 is approximately 5000 lbs. and

reduces to 2800 lbs for n - 6. These results indicate that with m - 1, the

first two buckling modes (n - 1 and n - 2) are not likely to dominate the

postbuckling behavior of the panel. This conclusion is more readily evident

from the results of other parameters discussed below.

Figure 9 shows the relationship between the shear-displacement

parameter bh and the total applied compression. The parameter bI is the

dominant term in the y-direction displacement (shear-displacement). The value

of bla is the average shear-displacement at the loading end of the panel (x -

a). The results shown in Figure 9 indicate that the value of b 1
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varies linearly with the applied compression for n - 1. For n ; 2, the bI

curves are slightly nonlinear. The values of bI are approximately equal for

n - 3 to 6.

The in-plane displacement parameters Anm and bnm are shown in

Figures 10 and 11. The coefficient Arn shown in Figure 10 is a measure of the

in-plane/out-of-plane displacement interaction in the x-direction. As shown

in the figure, for n ; 3, this parameter remains approximately zero when the

applied load is below the initial buckling load. At higher loads the absolute

value of the parameter increases with applied load. For n - 1 and 2, the

absolute value of Anm continuously increases with applied load. These results

again indicate that the panel analyzed is not likely to deform into the first

two modes (n - 1, 2). Figure 11 shows a similar behavior for the coefficient

Bru, the in-plane/out-of-plane displacement interaction coefficient for the v-

displacement.

Figures 12 and 13 show the variation of the out-of-plane

displacement coefficients Cnm and Dnm. The trends for these displacement

parameters are similar to that of Anm and Brn. However, they are one order of

magnitude higher than Anm and Bnm.

Figure 14 shows the maximum, minimum and panel-center out-of-plane

displacement variations with the total applied compression load for the

buckling mode n - 1, m - 3. The panel center is at (8.75, 5). As shown in

the figure, the out-of-plane displacement at the panel-center remains

relatively small as the load increases. This is because the center is in the

vicinity of a nodal line for the assumed buckling mode. The maximum (outward)

displacement occirs at location (6.25, 5). Figure 14 shows that the

displacement at this point remains at approximately zero below a compression

load of 3500 lbs. Above 3500 lbs., the displacement increases rapidly as the

load approaches 4000 lbs. Beyond 4000 lbs., the displacement increases with

load at a relatively slower rate. The minimum (maximum inward) displacement

occurs at the location (11.25, 5). The out-of-plane displacement at this

point varies with applied compression load in a manner similar to that of the

maximum displacement but in the opposite direction.
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The out-of-plane displacement contours for the buckling mode n - 3,

m - 1 at applied compression load of 8500 lbs. are shown in Figure 15. The

figure shows that there are two major buckles in the center portion of the

panel. These buckles are oriented at an angle of approximately 600 from the

x-direction. The buckle near the fixed end (left buckle) deforms outward

(positive displacement). The buckle near the loading end (right buckle)
4

deforms inward (negative displacement). In addition to these major buckles,

two minor adjacent buckles also develop. These are shown at the left-upper

and right-lower corner in Figure 15.

The results shown above indicate that the single-mode analysis

developed here can be used to investigate the postbuckling behavior of a panel

in several ways. First, a parametric study can be carried out to determine

the possible buckling modes of a panel. Once a dominating mode is selected,

the single-mode analysis can be used to describe the approximate postbuckling

displacement pattern of the panel. This analysis provides the approximate

displacement and stress (strain) fields of the panel at different load levels.

This information can then be used for a fatigue or failure analysis of the

panel.

3.3 MULTI-MODE ANALYSIS

In the single' mode analysis, the solution is obtained for a

preselected buckling mode. The implicit assumption in the single mode analysis

is that the panel deforms in a fixed mode as the applied load increases in the

postbuckling regime. This assumption has been adopted in a number of analyses

in the literature. However, experimental data indicated that buckling mode

shape may change as the applied load increases. In order to simulate the

change of buckling mode in the postbuckling regime, a multi-mode analysis

method is needed.

The multi-mode analysis method developed is based on the strain

energy method discussed in 3.1. However, a general solution of Equation 58 is

prohibitive because of the excessive computing resource requirements and

convergence problems in the numerical solution. The number of nonlinear
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equations in Equation 58 is 4NM+2 for NxM modes used in the general analysis.

The number of energy integrals increases rapidly with N and M. Table 2 shows

the total number of energy integrals required for different values of N and M.

The numbers shown in Table 2 include the initial Imperfection terms. These

numbers suggest that selected buckling modes up to 4 x 1 would be more

practical.

In addition to the number of energy integrals, the number of

equations also limits the number of buckling modes used in the analysis. This

is because the interaction of buckling modes results in convergence problems

in solving the nonlinear equations. In the multi-mode solution, the two

numerical procedures discussed in 3.1 for either solving Equations 58 or

directly minimizing the total potential energy are used alternately to avoid

a convergence problem.

The analysis procedure for the multi-mode solution was coded in a

Fortran computer program PACL (Postbuckling Analysis for Combined Loads).

Details of the computer program are documented in a separate volume of this

report - Automated Data Systems Documentation (Reference 14).
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Table 2. Ntimber of Integrals Required.

NUMBER OF NUMBER OF NUMBER OF
N TERMS M TERMS CONSTANTS

1 1 230

2 1 1222

3 1 3976

4 1 9944

4 2 110,956

5 1 21,034

6 1 39,610

6 2 498,112

7 1 68,492

8 1 110,956

8 4 21,725,092
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SECTION 4

ANALYSIS AND TEST RESULTS CORRELATION

4.1 Introduction

The static and fatigue data presented in Reference 15 were

analyzed to correlate the measured initial buckling load, ultimate strength

and failure mode with predictions from the semi-empirical analysis

methodology. The measured strains, buckling mode shape changes and panel

stiffness changes were compared with predictions from the energy method based

analysis presented in Section 3. The fatigue life data were utilized to

establish S-N curves for metal and composite panels. These results are

discussed in the following paragraphs.

4.2 Initial Buckling Under Combined Loads

Initial buckling predictions for the metal panels were based on

the semi-empirical expressions (Reference 6) given in Equations 1 and 3. A

comparison of the buckling load data obtained in this program for pure shear

or pure compression loading, with the predictions is shown in Figure 16. As

seen in the figure, the semi-empirical predictions are conservative by as much

as 30 percent. This observation is consistent with the metal panel data

generated in Reference 1.

Under combined loading, the buckling loads were predicted using a

parabolic interaction. A comparison of the predictions and the test data is

shown in Figure 17. Since the pure shear and pure compression bucklini, loads

were higher than predicted, the buckling loads under combined compression and

shear are underestimated by Equation 4. A true comparison, however, can be

seen in Figure 18 where the interaction is shown in terms of the buckling load

ratios Rc and Rs. The comparison in Figure 18 shows excellent correlation

between the predictions and the test data provided the scatter in the measured

values for the different panels is accounted for by normalization. Reference

16 data, used to establish the parabolic interaction equation, are also shown

to illustrate the consistency of the data obtained in the present program.
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Figure 18 shows that the buckling interaction equation used provides a lower

bound and is thus somewhat conservative for buckling load predictions for

metal panels under combined shear and compression loading.

The correlation between initial buckling load predictions and test

data for composite panels is shown in Figure 19. In the case of composite

panels, the pure shear, pure compression and the combined loading initial

buckling predictions were based on program SS8 (Reference 8). In Figure 19,

the parabolic and linear interaction curves are also shown for comparison.

The linear interaction expression provides a lower bound for the test data.

For preliminary design purposes, use of the linear interaction is more

appropriate for composite panels. Figure 20 shows that the test data are

bounded by the linear and a fourth power (i.e., a - 1 and a - 4 in the expres-

a
sion Rc + Rs - 1).interaction rule (Reference 17).

4.3 ULTIMATE STRENGTH UNDER COMBINED LOADS

The ultimate strength of metai and composite panels was predicted

using the methodology given in Section 2. The strength predictions were

plotted as failure envelopes and are shown in Figures 21 and 22 for metal and

composite panels, respectively. The only change in the strength prediction

methodology made after comparison with test data was in the stiffener

crippling interaction equation under combined loading. Originally (Equation

41) the following criterion was adopted for stiffener crippling:

1.5co f so)
s + s < 1.0

However, the test data for both metal and composite panels show better

correlation with a linear interaction, i.e.,

(so
co jCC + s_ 1 (61)
Ccc Cos
s
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As shown in Figure 21 the metal panel strength data show excellent correlation

with predictions. The failure mode, however, was permanent set in the skin.

The close agreement of the test data with stiffener crippling predictions

leads to the conclusion that the skin creasing was precipitated by stiffener

crippling.

The composite panel test data also show good agreement with the

linear interaction stiffener crippling prediction. There are two exceptions,

however, in panels GR-l and GR-2. The low failure loads obtained for these

panels are plausible since these two early panels showed some load

introduction problems during the static tests. Specifically, the panel load

introduction area skin thickness was the same as the test section skin

thickness. Due to load introduction eccentricities, the skin in the load

introduction area buckled before the panel ultimate load was reached. Thus,

the two panels were not subjected to a uniform axial compression load and,

therefore, showed failure loads slightly lower than the predictions. In all

other panels the load introduction region thickness was increased by

secondarily bonding fiberglass laminates. Thus, the semi-empirical design

ziethod as given in Section 2 with Equation 61 replacing Equation 41 can be

used for designing curved composite panels under uniaxial compression and

shear loads.

4.4 FATIGUE LIFE UNDER COMBINED LOADS

The fatigue test data for metal and composite panels are fully

documented in Reference 15. A summary of the fatigue failure modes for the

metal panels under compression dominated constant amplitude loading i.e.

(Nx)max/(Nxy)max - 2 with R-10 for compression and R--l for shear*, is shown

in Table 3. For shear dominated constant amplitude fatigue loading i.e.

(Nx)max/(Nxy)max - 0.5 with R-10 for compression and R--l for shear, the test

results and failure modes are shown in Table 4. The basic fatigue failure

mode in the metal panels under compression dominated loading was crack

initiation in the skin adjacent to the stiffener flange and subsequent

propagation along the loading direction. The crack initially propagated along

*Note that due to differences in R-ratios, (Nx)max and (Ny)max do not occur
simultaneously.
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the stiffener direction. After a certain length, the crack branched and grew

toward the centerline of the bay in the diagonal direction. The crack

initiation life of the panels was approximately 60 percent of the total number

of cycles required to tear one skin bay.

Under shear dominated loading, cracks initiated at the edges of

fastener holes in the skin. The subsequent crack growth pattern and the crack

initiation life relative to the total number of cycles required to tear one

bay were similar to those obtained in the compression dominated tests.

In practical aircraft structures curved panels are most commonly

used in pressurized fuselage structures. Therefore, the crack initiation life

was defined as the fatigue life of the metal panels. It should be noted,

however, from the test data that postbuckled metal panels retain a significant

percentage of their static strength even after the loss of skin due to

cracking under diagonal tension stresses.

The measured crack initiation life of the metal panels was used to

generate the S-N curve shown in Figure 23. In this figure, the typical

fatigue failure mode is also illustrated. The limited data generated in this

program indicate steep S-N curves for metal panels operating in the

postbuckling range. Secondly, the metal panels can sustain static loads of

approximately 2.5 times the average buckling load but in actual structures

their capability would be limited to 1.25 times the buckling loads due to

fatigue considerations.

Fatigue test results for the composite panels are summarized in

Table 5. The two panels tested at (Nx)max/(Nxy)max - 2 experienced no fatigue

failure after 100,000 cycles of constant amplitude loading. Residual static

strength tests on these panels indicated no strength reduction (See Figure

22). The static failure mode was primarily skin/stiffener separation. Panels

under constant amplitude shear dominated loads i.e. (Nx)max/(Nxy)max - 0.5,

failed under fatigue cycling. The fatigue failure mode in these panels (GR-7

and GR-8) was skin stiffener separation at stiffener and ring intersection

accompanied by local skin rupture, Thus, the composite panels appear to be

more sensitive in fatigue to shear dominated loading.
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Figure 24 shows a plot of the number of fatigue cycles sustained by

the composite panels versus the applied loads. From four data poircs in

Figure 24 a fatigue threshold was estimated to be approximately 80 percent of

the static strength. The fatigue advantage of composite panels relative to

metal panels is readily apparent from Figure 24 in that the composite panels

could be utilized up to 200 percent of their initial buckling load for shear

dominated loading as opposed to 125 percent for metal panels. The

postbu..kling range for composite panels under compression dominated loading

could be possibly higher.
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SECTION 5

CONCLUSIONS

The significant conclusions from this program are summarized in the

following paragraphs.

5.1 SEMI-EMPIRICAL DESIGN METHODOLOGY FOR POSTBUCKLED PANELS UNDER

COMBINED LOADS

i. The semi-empirical static design methodology developed in

Reference 1 for postbuckled composite and metal panels under

pure shear or pure compression loading was extended to panels

under combined uniaxial compression and shear loads.

2. The methodology was coded in a computer program (PBUKL) for

rapid iterative design of composite and metal panels.

3. Experimental verification data were used to develop a new

criteria to predict the effect of shear and compression load

interaction on composite panel skin buckling. A linear

interaction, although conservative, seems more appropriate for

the design of composite panels as opposed to the well

established parabolic interaction rule for metal panels,

4. The test data showed that for both composite and metal panels a

linear interaction rule for stiffener crippling prediction

yields better correlation than a non-linear interaction rule.

5. Ultimate panel strength predictions based on the semi-empirical

analysis for composite and metal panels were found to be very

accurate and well suited for design purposes.

6. Stiffener and skin separation in composite panels was the

observed failure mode under static combined uniaxial compression

and shear loading.

7. For metal panels under combined compression and shear loading

stiffener crippling was the dominant failure mode. Permanent

deformation of the skin was either concurrent or precipitated by

stiffener crippling,

8. Under constant amplitude fatigue loading metal panel failure

occurred by crack initiation in the skin adjacent to a
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stiffener. The static strength of the metal panels was

unaffected by the skin crack propagating across an entire bay.

The crack initiation life was approximately 60 percent of total

number of cycles sustained by the panel prior to skin rupture in

a single bay. The nature of the combined loading, i.e.

compression dominated or shear dominated, did not affect the

crack propagation pattern, However, the initiation sites in the

two cases were different. Under shear dominated loading the

cracks initiated at stiffener attachment fastener holes, whereas

under compression dominated loading the cracks initiated in the

skin at the edges of the stiffener flange attached to the skin.

9. Durability c.nsiderations can severely limit the postbuckled

operation range of metal panels. In the panel design tested the

static strength range was 250 percent of the average initial

buckling load. However, for a 100,000 cycle constant amplitude

fatigue life, the panel loads would have to be restricted to 125

percent of the initial buckling load.

10. Composite panels demonstrated a high fatigue threshold relative

to the initial skin buckling loads. Composite panels designed

for a static strength equal to 250 percent of the initial skin

buckling load can be safely operated under fatigue loading up to

200 percent of the initial buckling load.

II. Composite panels tested in the program showed a greater

sensitivity to shear dominated fatigue loading as compared with

compression dominated fatigue loading.

12. The fatigue failure mode in composite panels was separation

between the cocured stiffener and the skin. In particular, the

region at the intersection of the stiffener and the ring was

vulnerable to the failure mode.

13. Repeated buckling had no influence on initial skin buckling

loads for either the composite or the metal panels.

14. The semi-empirical design methodology was used to develop a

design procedure for composite and metal panels under combined

uniaxial compression and shear loading.
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5.2 EMI A ANALYSIS OF POSTBUCKLED PANELS UNDER COMIBINED LOPDN.NG

1. A single-mode and multi-mode energy method based postbuckling

analysis was developed.
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APPENDIX A

ANALYSIS DETAILS

This Appendix defines the individual energy integrals used in

Equations (54) through (57), details the nonlinear system given by equation

(58) and presents closed form expressions of all the energy integrals.

The displacement functions are expressed in a general form in

Equation (53). The following notations are used for the derivatives of the

displacement functions:

fi,o (C,q;n,m) = fl (ý,n;n,m)

fi,l (ý,n;n,m) = fl,, (Q,n;n,m)

fi,2 (C,q;nm) - fl,, (Q,q;n,m)

fi,3 (ý,q;n,m) - fl,ýý (ý,q;n,m) (A-1)

fi,4 (ý,n;n,m) - fl ,,, (Q,;n,m)

fi,5 (ý,n;n,m) -fl,ý, (,n;n,m)

i - 1, 2, 3, 4

f 5 ,t (ý,n;n,m) = f5,a (ý,M)

a - 0, 1, 2, 3, 4, 5

The individual integrals F, G, H and I in equation (54) are defined

as

0 Ir
Fi,n = J fi (f,,7;n,m)d~dq (A-2)

i - 1, 2, 3, 4, 5

Fi,nm - fi., (ý,n;n,m)d~dn (A-3)

i = 1, 2, 3, 4, 5

a - 1, 2, 3, 4, 5
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Gijyimpq - j0 J0 fi,,, (ý,i;n,m)fj p ,qpqdn

i~j =1, 2, 3, 4, 5 (A-4)

-0, 1, 2, 3, 4, 5

Hij , runpqrs -JO0f J , c, (t.; nm) f~ j t~p, q)

i,j,k -1, 2, 3, 4, 5

a/,y-0, 1, 2, 3, 4, 5

Iijktnmpqstu iJ L (ý,v,;n,m)fj p (ý,n~;p,q) (A-6)

i,j,k,t 1, 2, 3, 4, 5

=,, , 0, 1, 2, 3, 4, 5

The integrals J and K appeared in Equations (55) - (57) are defined

as

Jlnm - JO fl,ý (C,0;n,m)dý (A- 7)

I

Jln - J0 fl (l,,n;n,m)dq

J2rnm - Jo f2 (l,,q;n,ni)dn

82



1
ii rI',,pqd

Kllnmpq ( f ,• • ;n,m)fl,ý (ý, 0" "d (A-8)

33
K22nmpq " f2,I (C,0;n,m)f2,• (ý,0;p,q)dý

22
K22nmpq = f2,, (l,q;n,m)f 2 ,1 (l,i;p,q)d•

Kll4mpq J f1,,, (l,n;n,m)fl,rn (l,n;pq)dq
0

The system of nonlinear algebraic Equations (58) are obtained by

setting the derivative of the total potential energy with respect to each of

the unknown coefficient to zero. Six groups of equations are obtained and

they are given below. In the following equations the total load, Pxx and Pxy

are used in place of bNxx and bNxy.

all -0
aA..
ii

* 11 * A E 11 IfE 44
A All Gllijnm + a A6 6 Gllij n + s---s Kllijnm + _f f Kllij

* 12 * 21
" Bnm A1 2 Gl2ijnm + A6 6 Gl2ijnm J

bw * i1l * 10 w * 122
"Cnmo A1 1 H135ijnm + b A1 2 G13ijnm + 0• A12 aR35ijunSa2Rb

w * 221 212
+ b 2-A 6 6 (Hl35ijnm + Hl35ijnm)]
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bw * 11 * 10 w * 122
+ Dnm - Q A11 H1451jrun + b A1 2 G14 1ijnm + R b A1 2 H145ijnm

w * 212 221
+ b 2 A6 6 (H14 5 1jrn + H145ijrn)

r * 1 1 * 2
+ aI b All Flij + AsEs Jlij + bI (a A6 6 Flij)

S * 111 * 122
" Pxx Jlij "C0n Cpq A1 1 H33ijnmpq + A1 2  33ijAll2 H1331j ru33qjnmpq

L2a2  2b p

• 212
+ A6 6 (H133ijnmpqlbJ

I[* * 122.Cm Dpq L a2 A1 1 H134ijunmpq + b A1 2 Hl34iinmpq

* 212
+ -1 A6 6 (H1341junmpq + H134ijnmpq)]

b

* I + *A1 122

nm pq 2a 2  21 44ijnpq b A2 H144ijnmnpq

* 212
+ A6 6 (Hl44ijnmpq

b

* 10 i* 1 1 * 122
- Wo ( b A2 G15ij -Wo b  All H155ij + -A12 H155ij

R ~2a2 2

* 212
A6 6 H1 5 5 ij (A-9)b

aBij

•n * 12 * 21r 1

A1 AI 2 Gl2nmij + A6 6 G12p'ij J
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a22 11 iE 33 AE K22
" [Bnm A22 G221jnm + b A66 G221iniii + ss K22ij-n + LL K22ijunJba a3 b

* 20 w * 211 aw * 222
" Cn a R A2 2 G23ijnm + oQ A1 2 H2 3 5ijnm + 0oQ A2 2 H2 3 5 ijnm

Ra b2

w * 121 112
+ --Q A6 6 (H2 3 5ijun + H235ijn)

a

20 w * 211 aw * 222
" Dnm I R A2 2 G24ijrm + I A1 2 H245ijijn + -- A2 2 H2 4 5- 1u

R a b2

w * 112 121
+ I A6 6 (H2 4 5 ijun + H245ijnm)

a

* 2 * 1
"+ a1 (a A1 2 F2 ij) + b1 (b A6 6 F2 ij)

" Pxy J2ij - Crun Cpq [ 2a A1 2 H233ijnmpq + a A2 2 H233ijpjnpqI 2a 2b2

* 122
+ .1 A6 6 H233ijrunpq

a

211 * 222
- Cnm Dpq A12 H234ijnpq + A- A2 2 H234ijunmpq

[a b

* 112 121
+ .1 A6 6 (H234ijnmpq + H234ijnmpq)

a (

[ * 211 * 222
Dnm Dpq a A1 2 H244ijunmpq + a A2 2 H244ijnmpq

2a 2b 2

* 112 * 20
+ 1 A6 6 H244ijrunpq I Wo (A A2 2 G2 5 ij)

a R

* 211 * 222 * 112r L 0 A1 2 H2 5 5 ij + I A2 2 H2 5 5 ij +-1 A6 6 H255ij (A-10)

2a 2b 2  a
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-u 0n m un iu

13

An10 bw ill1m w *o122
Ap [ A12 

0 l3nij +a 2  A1 1 H135nmij + b A1 2 H13 5nmij

w * 221 212+ b 0A 6 6 (H135nmij + H135nmij)

r * 20 aw * 222 w * 211"+ Bnm [ a A2 2 G23nmij + • A2 2 H235nmij + - A1 2 H235nmijSb2 a

w * 121 112
+ aI A6 6 (H235nmij + H235nmij)

S * 00 * 33

+nm I A2 2 G33ijrn + --h D11 G33ij

+ D2 34 34 * 35 35
a-(G331jn + G33nmij) + - DI6 (G33ijnm + G33nmij)

* 44 * 45 45
"+ a D2 2 G33ijnm + 2 D2 6 (G331jrun + G33nrnij

b 3  b2

+4D6 55 bw * 011 011 110

+ _ G33ijnm + o0 A1 2 (H3351jnm + H335nmij + H335ijrmi)ab aR

aw * 022 220 022
* bR 0 A22 (H335ijnm + H3 3 5 ijnm + H335rnij)

2
3bw * i111

+ 2 A1 1 
1 3355ijnm

2a 3

w * 1122 1212 1212
+ 0 (A1 2 + 2A 6 6 ) (13355ijnm + 2 1 3355ijrn + 2 1 3355unmij

2ab

2211 3aw * 2222
+ i3355ijrun) + _ A22 I3355ijnm I

2b 3
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* O0 * 33
+ Danm Lb A2 2 G34ijnpm + -h Db G34ijnm

I R2  a3

+D*2 34 43 * 35 53
ab 34ijru + C34ijpji) + 2 D1 6 (G34ijnm + G341jnm)

D* 44 * 45 54
"+a_ D2 2 G3 4 ijun + 2- D2 6 (G341jr + G3 4 1jrn)b3 b2 (3in

* 55 bw * 011 101 110"+ - D6 6 G34ijn + 0 A1 2 (H345ijrn + H345ijnm + H345ijn)
ab aR

aw * 022 202 220 3bw * 111
"+ bR A2 2 (H345ijnm + H3451jrun + H3451jrun) + O2a3 All 13455ijnm

2R2a

w 2 1122 1212 2112 2211
"+ I (A*2 + 2A66) (13455ijn + 213455ijnm + 213455ijrm + 13455ijn)

2ab

2
3aw * 2222

" ..2b3 A2 2 
1 3455ijnm ]2b 3  -

r * 0 bw * 11 aw * 22
"+al a A1 2 F3 ij + a-0 All G35ij + b--Q A1 2 G3 5ij 1

* 21 12
"b, wo A6 6 (G3 5ij + G35ij)

11* 1ii 122
Anm Cpq [ Ab l l 1 33nmijpq + A12 H133nmijpq

* 212 212
+ A6 6 (Hl33nmijpq + H133runpqij)

[ * 11i * 122
- Aun Dpq k All H134nmijpq + 1 A1 2 H134numijpq

a2

+ .1 A6 6 (Hl34unmijpq + H134rnijpq)
b 8
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* 211 * 222
SBpnm Cpq ~ A12 H233nmijpq + A-- A2 2 H233rmiijpq- rmGq a b2

* 112 112
+ i A6 6 (H233nmijpq + H233nmpqij)

a

A 211 * 222

Dpq l H234rmuijpq + A-- A2 2 H234pnijpqBn Dq a b2

* 112 121
+ I A6 6 (H234nmijpq + H234nmijpq) J

[ * 011 011Cn- 0 pq I 2-- A1 2 (H333ijnmpq + 2 H333nmijpq)

* 022 022 3bw * 111
* a A22 (H333ijunmpq + 2H333nmijpq) + - All (13335ijnmpq)2bR 2a3

w * * 1122 1122 1221
+ _0o (A1 2 + 2A 6 6 ) ( 2 13335ijnmpq + 1 3335nmpqij + 13335ijnmpq

2ab

1221 3aw * 2222 1
+ 2 13335nmijpq) + 20-- A2 2 

1 3335ijnmpq J
Ei* l 011 110

-C1.ipb Dpdq A1 2 (H334ijrinpq + H334nmijpq + H334ijrunpq)" CnmDpdq aR

* 022 220 022
+ _a A22 (H334ijnmpq + H334ijnpq + H334nmijpq)

bR

3bw * 1111 w * * 1122 1212
+ Q All 13345ijrmapq + - (A12 + 2A6 6 ) (13345ijnmpq + 13345ijnmpq

3 ab
a

1212 1221 1221 2211
+ 13345nmijpq + 13345ijnmpq + 1 3345runijpq + 13345ijnunpq)

3aw * 2222 1

+ 0 A22 13345ijnmpq J
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* 011 110 * 022
Dnm Dpq b A12 (H344ijrmupq + 2H344ijunmpq) + a A2 2 H344ijnmpq2aR 2bR

202 3bw * 1111
+ 2H344ijnmpq) + -- -All 13445ijrumpq

2a 3

w * * 1122 2112 1221
+ 2 (A1 2 + 2A6 6 ) ( 2 13445ijnmpq + 13445ijnmpq + 13445ijrunpq2 ab

2211 3aw * 222
+ 213445ijrunpq) + 2 A22 13445ijrunpq

11b2

1* 22
- al Dnm h All G3 3 ijnm + A A1 2 G341jn

a*b
r IIA~ * 22

aI Dm Lh Al G3 4 ijnm b A12 G34ijnm ]

* 12 12

- bI Cnm A66 G33nmij + G33i1jn)

*[ 12 21

bI Dnm [A66 G341jnm + G34 ijunm)

b * 1111 * * 1122

Cnm Cpq Crs All 1 3333ijnmpqrs +_._ (A1 2 + 2A66)(I3333ijnmpqrs
2a 3  2ab

1122 * 2222
+ 13333nmpqijrs) + a A2 2 

13333ijnmpqrs ]
2b 3

3b * 111 * 1122
- Cnm Cpq Drs [ Al l 

1 3333ijnmpqrs + -I (A1 2 + 2 A66)( 2I3334ijnmpqrs
L 2a 3  2ab

1122 1221 1221
+ 13334rnpqijrs + 1 3334ijnmpqrs + 2 13334rnijpqrs)

* 2222
+ •a A22 

1 3334ijnmpqrs
2b 3
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* 1111
Gi Dpq Drs 2a3b All 13344ijnmpqrs

* * 1122 1212 1212
+ 1 (A1 2 + 2A6 6 ) (13344ijnmpqrs + 2 1 3344ijnmpqrs + 2 1 3344nmijpqrs

2ab

2211 * 2222
* i3344ijropqrs) + -_ A2 2 13344ijnmpqrs I

2b 3

b * ll1
- D Dpq Drs [ 2a3 A1 1 13444ijnmpqrs

* * 1122 2112
+ I (A1 2 + 2A 6 6 ) ( 1 34,44ijnmpqrs + 1 3444ijnmpqrs)

2ab

* 2222
A2 2 13444ijnmpqrs

2b 3

* 00 *. 33 D 43 34

.WO ab A2 2 G3 5ij +b DI G3 5 1j +2 (G35ij + G35ij)
R2 a 3  ab

2D* 35 53 * 44 2D* 45 54
+ __ (G35ij + G35ij) + --A D2 2 G3 5ij + 26 (G35ij + 035ij)

a2  b3

4D655 ]
+ J- G35ij

ab

2 bA 11101 aA* 022 202
[2 (H3 35 j + 2H355ij) + 22b (H355ij + 2H3 5 5 i)

* 1111 * * 1122 2112W b_ All 13555 + (A1 2 + 2A66)(13 5 55 ij + 13555ij)- WO 2a3 3 j 2ab

* 2222
+ a A2 2 

1 3555ij 1
2b 3
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- 0
aDij

* 10 bw * iii
Arm [k_ A1 2 Gl4rnij + -_-_o A1 1 + H145snij

R a2

w * 122 w * 212 221
+ b A1 2 H1 4 5 ni~j + -b- A66 (H 14 5nmij + H14 5nmij )

* 20 w * 211 aw * 222
" Br u a A22 G24rnij + _ A1 2 H245nmij I A2 2 H2 4 5nmij

R a b2

w * 112 121
+ a A6 6 (H245nmij + (H245nmij)

* 00 * 33 D2 34 43
"+ Crn [ a3A22G34ruij +b DII G34nmij +-12 (G34nmij + G34rnij)

a3R2 a3

2D* 35 53 * 44
+ (G34nmij + G34nmij)+ +3 G34nmii
a2  b3

2D* 45 54 4D* 55
+ 26 (G34nmij + G34rnimj) + -66 G34 nmij

b2 ab

bw * 011 101 110
+ __90 A1 2 (H345nmij + H345nmij + H345nmij)aR

aw * 022 202 220
+ bR A2 2 (H3 4 5nmij + H345nmij + H345unij)

3bw2  * 1i11 * * 1122
+ 0 A11 13455runij + __'- (A1 2 + 2A 6 6 ) ( 1 3455rumij

2a 3  2ab

1212 2112 22113 3aw2  2222
+ 2 1 3455runij + 2 1 3455nmij + 13455nmij) + --- A2 2 

1 3455nmij
2b 3

00 * 33 D** 34 34
3A22  44ijn + D- l G4 4 ijnm + -ab (G44ijunm + G44nmij)

R2a
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2D* 35 35 a 44 2* 44
* 16 (G441jrn + G44nmij) + !1 G441jnm + -26 (G44ijrn

a2  Pb

45 4D* 55 bw * 011 011
* G44nmij) + 6a G441jrm + 0 A1 2 (H445ijrm + H445noijab aR

110 aw * 022 022 220
+ H4 4 5ijn) + --- A2 2 (H445ijnm + H4 4 5 nmij + H445ijn)bR

3bw2 * 1111 * * 1122
+ _-' All 1 4455ijnm + ---2 (A1 2 + 2A66)(I44 55ijnm

2a 3  2ab

1212 1212 2211 3aw2 * 2222
+ 2 14455ijrn + 2 1 4455rumij + 14455ijrun) +-- A2 2 

1 4455ijrm]
2b 3

* 0 bw * 11 aw * 22
+ al Rab A 2 F4 ij + _O_ All G4 5 ij + 0 A12 G45ij

IR a b 2Gs ]

S* 21 12
+ bI wo A6 6 (G4 5ij + G451j) ]

b 1i1 * 122
SArun Cpq a2 A1 1 H134nmupqij + b A1 2 H134unxpqij

* 212 221
+ .1 A6 6 (Hl34rnpqij + H134nmpqij)

b

* I11 * 122

- Arun Dpq b All H144nmijpq + bA 1 2 Hl44rijpqa2b A2H4ri

* 212 212
+ I A6 6 (Hl44rmiijpq + H144unbpqij)

• 211 * 222- Bran ip i A12 H234rnmpqij + a&- At22 H234rnmpqij
SBnm Cpq a b2

* 112 121
+ a A6 6 (H234nmpqij + H234mnpqij) J
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211 * 222
- .Dpq AA1 2 H244nmijpq + & A22 _244nmijpq

p a b 2

* 112 112
+ a A6 6 H244nmijpq + H244numpqij) ]

a
hr * 011 110

Cnjm Cpq [ A12 ( 2 H334nmpqij + H334nmpqij)

* 022 220 3bw * 1111
* a A2 2 ( 2 H334rnpqij + H334jnmpqij) + 0 All 13345nmpqij

2bR 2a 3

w * * 1122 1212
* 0. (A1 2 + 2A 6 6 ) (13345runpqij + 2 1 3345nmpqij

2ab

1221 2211 3aw * 2222
2 1 3345nmpqij + 1 3345nmpqij) + 0 A2 2 

1 3345nmpqij J
2b0

* 011 110 110
C- n Dpq [ b A1 2 (H344nmijpq + H344nmijpq + H344numpqij)

* 022 202 202
"+ a_ A2 2 (H344njpq + H344anmijpq + H344rnpqij)

bR

3bw * 1111 ; * * 1122
+ 0 All 13445runijpq + 0 (A1 2 + 2A 6 6 ) ( 1 3445nmijpq

a3  ab

1122 2112 1221 2211
"+ 1 3445rumpqij + I3445nmijpq + 1 3445mnijpq + 1 3445nmijpq

2211 3aw * 2222
" 1 3445nmpqij) + -_0 A22  

1 3445unijpq

* 011 011 * 022

rn Dpqr A12 (H444ijpnmpq + 2 H444nmijpq) + a A2 2 (H444ijnmpq2bR A2(44jnp

022 3bw * i111
+ 2H444runijpq) + I All 14445ijrlmpq

2a
3
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* * 1122 1122 1221
+ 0 (A1 2 + 2A 66 ) (214445ijrmpq + 14445fimpqij + 1 4445ijntpq

2ab

1221 3aw * 2222
214445runijpq') + 2bo A2 2 

1 4445ijnmpq
2I445p~ijpq +2b 3

1* 1 * 22
- al Cn [ .a All G34nmij + _.ab A12 G34nmij J

1* 1 * 22
al D .m ba All G4 4 1jrn + b A12 G441jnm

SA 21 21

-bI Cnm [A66 (G34ijnm + G34 nmij)

A 12 12

- bi Dnm [A66 (G44ijnm + G44 njmij)

S* 1111 * 1122

- Cpq Crs Ali 1 3334nmpqrsij + I (Ai 2 + 2 A66)(I3334i,1pqrsij
2a 3  2ab

i221 * 2222 1
4 1 3334nmpqrsij) + a-- A2 2 13334nmpqrsij

3b * 11 * * 1122
- Cnm Cpq Drs All 1 3344nmpqijrs +_!_ (A1 2 + 2 A66)( 1 3344rnmpqijrs

2a3  2ab

12i2 1212 2211
+ 2 1 3344nmpqijrs + 2 13344nmpqrsij + 13344nmpqijrs)

* 2222
23 A2 2 13344rmpqijrs]

b * 1111
- Cnm Dpq Drs [ 3- Al l 

13444nmijpqrs

* * 1122 1122 2112
+ 1 (A1 2 + 2 A66)(I3444nmijpqrs + 2 1 3444nmpqijrs + 2 1 3444nmijpqrs

2ab
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2112 * 2222 1
+ 1 3444rmpqrsij) + 3 A2 2 

1 3444nmijpqrs

- Dm Dpq Drs [ b All 14444ijnmpqrs
2a3

* * 1122 1122
+_L (A1 2 + 2A66)(I4444ijnmpqrs + 1 4444nmpqijrs)2ab

* 2222
+0 22 1 4444ijnmpqrs
2b 3

• * 00 * 33 D* 34 43
- [ a A2 2 G4 5ij + b D1 I G45ij + -1 (G4 + G451j4

R2  a3  ab 45ij

2D* 35 53 * 44 2D* 45 54
+ -i (G45ij + G451j) + aa D2 2 G45ij + (G4 5ij + G45 ij)

a2 b2

* 55
+a4 D6 6 G451j

2 * 011 110 * 022 202
-wo [- A12 (H455ij + 2H4 55ij) + a A22 (H455ij 2H45sij)I2R2bR A2(45j+245j

3 * 1111 * * 1122 2112
- ~0 All A 1 4555-' + A12 + 2A66) (I4555ij + 14555ij)

2a 3  2ab

* 2222
+ a A2 2 14555ij

-n - o
aa-

Am [b All Flnm + AsEs Jlnm ]
• 2

+ Bnm [ a A12 F2nm ]
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r * 0 bw * 11 aw * 22
"+ Cr I - A1 2 F3 nm + 0 A1j G3 5nm + 0 A1 2 G3 5 un1

R a b

* 0 bw * 11* aw * 22"+ D-cm a b A12 F4nm + 0-e~ All G45nm + __0 A12 G45nm
Ra b 05m

"+ aI (ab All + a AsEs)

rb11~ 22
-xxa Cl Cpq b All G33pjipq + aA1 2 G33nmpq]2a Al233bq

b * ii * 22
- Cnm Dpq b All G34nmpq+-a + 12..

a b G34nmpq

* 11 * 22
- DnDpq [ All G44nmpq + a A12 G44runpq ]- n Dq 2a ab

abw * 0 bw2  * 11 aw2  * 22- 12 F5  2a All G5 5  - 2b A12 G5 5

abI

•*2

Anm (a A6 6 Flnm)

• 1
"+ Bm (b A6 6 F2nm)

[ 21 12
" Cnm wo A6 6 (G3 5 nm + G3 5r)]J

• 12 21
"+ D[ Wo A6 6 (G45nm + G4 5nm)J
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+ b1 [ ab A66 ]
*12 12 21

=a PXy A66 [ 01rJD Cpq 033runpq + Cram Dpq (G34rnnpq + G34runpq)

+ Dnm Dpq G44nmpq + w. G35]
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The individual energy integrals defined in Equations (A-2) through

(A-8) are evaluated in closed form for the particular displacement functions

given by Equations (59). These integrals are expressed in terms of simple

integrals of the sine and cosine functions and the combinations of those

functions. The assumed displacement functions are given in equations (59) in

Section 3 and they are rewritten below.

fl(n,m;x,y) - X2 (l,n) cos may + XI (ln) sin may

f 2 (n,m;x,y) - [cos nwx - X3(l,n)] cos may + [sin nax - X2(n,l)] sin mny

fi(n,m;x,y) - sin nrx sin may

f 4 (n,m,x,y) - Xl(l,n) Y2 (l,m) - X2 (l,n) Yl(l,m)

f 5 (x,y) - sin rx sin ny

where

Xl(n,m) - sin nrx sin max, Yl(n,m) - sin nry sin mny

X2 (n,m) - sin nwx cos max, Y2(n,m) - sin Pry cos may

X3 (n,m) - cos nrx cos max, Y3 (n,m) - cos nry cos may

The derivatives of the displacement functionis are given by

fl,l (n,m;x,y) - i[Zl(n)cos may + Z2 (n) sin may]

fl, 2 (n,m;x,y) - mir[Xl(l,n)cos miry - X2 (l,n) sin vnry]

f 2 , 1 (n,m;x,y) - r({n X2 (n,l) + X2 (l,n) - n sin nirxi cos miry

+ (n cos nrx - n X3 (l,n) + Xl(l,n)] sin may)

f 2 , 2 (n,m;x,y) - mw([sin nwx - X2 (n,l)] cos may

[cos nwx - X3 (l,n)] sin may)
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f 3 , 1 (n,nLx,y) - nir cos nxx sin may

f 3 , 2 (n,m;x,y) - mr sin nax cos may

f 3 , 3 (n,m;x,y) - -n 2W2 sin nfrx sin may

f 3 , 4 (n,m;x,y) - -m2a2 sin nfrx sin may

f 3 , 5 (n,m;x,y) - nmw2 cos nwrx cos may

f 4 , 1 (n,m;x,y) - r[Z2 (n)Y2 (l,m) - Zl(n) YI(l,m)]

f 4 , 2 (n,m;x,y) - r[Xl(l,n)Zl(m) - X2 (l,n) Z2 (m)]

f 4 , 3 (n,m;x,y) - f 2 {[2n X3(ln)- (l+n 2 ) Xl(l,n)] Y2 (l,m)

+ [2n X2 (n,l) + (l+n2) X2(l,n)] Yl(l,m))

f 4 , 4 (n,m;x,y) - - x2 {Xl(l,n)[(l+m2 )Y2 (l,m) + 2m Y2 (m,l)]

+ X2 (l,n)[2m Y3 (l,m) - (l+m2 ) Y1 (l,m)])

f 4 ,5 (n,m;x,y) - w2 [Z2 (n)Zl(m) - Zl(n) Z2Tm)]

fS,1 (x,y) - x cos irx sin ry

f 5 , 2 (%,y) - r sin rx cos ry

f 5 , 3 (x,y) - .. 2 sin irx sin fry

f 5 , 4 (x,y) - -w2 sin ffx sin fry

f 5 , 5 (x,y) - cos WX cos ry

where,

Z1 (n) - X3 (l,n) - n X1 (l,n) , Z1 (n) - Y3 (l,n) - n Y1 (l,n)

Z2 (n) - X2 (n,l) + n X2 (l,n) , Z2 (n) = Y2 (n,l) + n Y2 (l,n)

The integrals are expressed in terms of a series of elementary integrals and

combination of these elementary integrals defined below.

1 0 for n '0

I(n) - J cos nrxdx 1for n 0

91 for n 0
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1 
0 for even n

J (n) 1r sin nffxdx -I- o d

Io~nm) -sinnffxsinmrxd - .I- tI(n-m)-I(n+m)]

10(n,m) - J sin nrx csn mffxdx - 2 Jnm-~~)
10

12(n,m) - csi nirx cos mffxdx - 1 [II(n-m)-J(n+m)I
J0 2

12(n,mp) - 10 osi nirx csi mirxd si p-- Iw -m+Inx

J0 (n,m,p) - J sin nirx sin mirx csn pffxdx
1 [IEJ(n-m+p)-IJ(n+m-p) -J(n-m-p) -J(n+m+p)]
4

1

Ii(n,m,p) toJ sin nffx csn mffx cos pirxdx-

I L.JI(n-mi-p) -I(n+m-p)+I(n-.m-p) -I(n+m+p)]
4

13(n,m,p) 10 cosi nffx cos mffx cos pirxdx

- I- [J(n-m+p)+J(n+rn-p)+J(n-rn-p)+J(n+m+p) I
4
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I0 (ntmlp,q) = J sin nffx sin mirx sin pirx sin qxrxdx
I [~ Il(n,m,p-q) - Il(n,m,p+q)I
2

Jl(n,m,p,q) - J sin nffx sin mffx sin pirx cos qirxdx
1 -- [J0(n,m,p-q) + J0 (n,m,p+q)]

1

12(n,m,p,q) - J sin nirx sin mffx cos pffx cos m1,xdx

I ~ [Il(n,m,p-q) + Il(n,m,p+q)]
2

J3(n,m,p,q) toJ sin nffx cos mffx cos pxrx cos qirxdx

1 I J2(n,m,p-q) + J2(n,m,p-Iq)]
2

1

14(n,m,p,q) = J cos nfrx cos mirx cos pfrx cos qirxdx

1 1 13(n,m,p-q) + 13(n,m,p+q)]
2

J0 (n,m,ppq,r) - J sin nffx sin mwx sin pirx sin cprx sin rffxdx
1[Jl(n,m,p,q-r) - Jl(n,m,p,q+r)]

2
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I1 (n,m,p,q,:p) - J sin nirx sin marx sin pirx sin qirx. cos rirxdx
1 [I0(n,m,p,q-r) + I0(n,m,p,q+r)]
2

J2(n,m,p,q,r) -Jsin n~rx sin marx sin pirx cos qirx cos rirxdx

1 [Jl(3(n,m,p,q-r) + Jl(n,m,p,q~r)]
2

1

13(n,M,P,q,r) - J sin nirx sin marx cos parx cos qnx cos rffxdx

1 112(n,m,p,q-r) + I2(n,m,p,q~r)]
2

1

J4(n,m~p,q,r) - J sin nirx cos mx.ir cos pax cos qnrx cos rirxdx

1 I J3(n,m,p,q-r) + J3(n,m~p,q+r)]
2

1

15(n,m,p,q,r) - J cos nirx cos mffx. cos pirx cos qirx cos rirxdx

1 1L 14 (n,m,p,q-r) + 14(n,m,p,q+r)]
2

IO(n~m,poq,r,s) -Jsin nirx sin marx sin pirx sin qirx sin rarx sin sirxdx

- [Il(n,m,p,q,r-s) - Il1(n,m,p,q,r+s)]
2
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Jl(n,m,p,q,r,s) -J sin nnx sin max sin pax sin qrx sin rfrx cos sffxdx

.1 [Jo(n,m,p,q,r-s) + Jo(n,mp,q,r+s)]
2

V 1

I2(n,m,p,q,r,s) " J sin nwx sin max sin pax sin qrx cos rmx cos sffxdx
0J

.1 [Ii(n,m,p,q,r-s) + I1(n,m,p,q,r+s)]
2

1

J3(nmpqrs) " J sin nrx sin mrx sin pax cos qrx cos rrx cos saxdx

1 [J 2 (n,m,p,q,r-s) + J2(n,m,p,q,r+s)]2

1

14(n,m,p,q,r,s) " J sin nfrx sin max cos pax cos qffx cos rrx cos sxxdx

1 1 [1 3 (n,m,p,q,r-s) + 13(n,m,p,q,r+s)]
2

1

J 5 (n,m,p,q,r,s) - J sin nfrx cos max cos pax cos qffx cos rm-x cos swxdx

I._.1 [J 4 (n,m,p,q,r-s) + J 4 (n,m,p,q,r+s)]
2

1

I6(n,m,p,q,r,s) - J cos nfx cos max cos pax cos qnx cos rnx cos swxdx

S. 1 [15 (n,m,p,q,r-s) + 15 (n,m,p,q,r+s)]
2

103



In addition to the elementary integrals defined above, the following

combinations of elementary integrals are also defined.

Bl(i'jk,&) " J cos irx cos jwx Z2 (k) Z2 (t)dx

-14(k,&,i,J,1,1) + k14(1,1,,i,J,k,l)

+L14 (l,k,i,j,&,l) + kt14 (l,l,i,j,k,&)

I

B2 (i,j,k,&) - J cos iwx cos jwx Zl(k) Z2 (&)dx

- J 5 (&,i,j,l,l) - kJ 3 (l,k,&,i,j,l)

+&J5 (l,i,j,k,&,l) - kiJ 3 (l,l,kij,t)

I

B3 (i,j,k,&) - J cos irx cos jwx Zl(k) Zl(L)dx

- 16 (i,J,k,t,l,l) - k14 (lk,i,j,&,l)

-&14 (1,4,i,j,k,l) + kL1 2 (l,l,k,jij)

1

B4 (ijk,&) " J sin iwx sin jwx Zl(k) Zl(t)dx

1 E4 (i,j,k,&,l,l) - k12 (l,i,j,k,t,l)

-L12 (l,i,j,L,k,l) + k&1o(l,l,i,j,k,&)

1

B5(ijk,') - J sin iirx sin jrx Zl(k) Z2(&)dx

- J 3 (i,j,L,k,l,l) - kJl(l,i,j,k,&,l)

+tJ 3 (l,ij,k,&,l) - k&Jl(l,l,i,j,k,t)
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B6(i,J,k,t) -J0 sin ifx sin jfrx Z2(k) Z2(&)dx

- 12(i,J,k,&.,1,1) + k12(l,i,J,&,k,l)

+'-&12(l,i,J,k,&,l) + kt12(1,1i,J,k,&)

Cl(i,j,k,L) - J0 sin iirx cos jirx Xl(1,k) Z2(&)dx

-12(l,i,k,&,J,l) + L12(1,1,i~k,j,&)

C2(i,j~k,t) -f sin iffx cos jfrx XI(l,k) Zl(&)dx

J3(~i~~ji.,l)- tJl(1,1,i,k,t,j)

C3(i,J,k,&) 10 sin ifxcos jirx X2(1,k) Z2(L)dx

-J3(1,i,&,J,k,1) + &J3 (1,i,k~ja.,l)

C4(i,J,k,,L) -J sin iffx cos Jirx X2(1,k) Zl(&)dx

Dl(i,j,k~t,) -Jsin iffx X2(1,j) X2(1,k X(t)dx

D2(i,J,k,&) - J sin ilrx XI(1,j) X2(1,k) X2(1,&)dx

1 JL. J2(1,i,J,k,&) - J3(1,i,J,k,&,2))
2
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D3(id,k,k&) - J sin Silrx Xl(l,j) XI(1,k) X2 (1,t)dx

2

D4 (i,J,k,it) tosin iffx XI(l,j) Xl(1,k) Xl(1,&)dx4

1 .~ [J0(1,i,j,k,t) - Jl(1,i,j,k,&,2)]
2

Ej(i,j,k,,&) 10J cos imx Z2(j) Z2(k) Z2(t)dx

1i- {J2(J,kti,,i1) + J3 (J,k,&,i,1,2) + j J3(2,k,t.,i,j,1)2

+ k J3(2,j,&,i,k,1) + !J 3(2,j,k,i,&,1) + jk J3 (1,2,L,i,j,k)

+ Jl J3(1,2,k,i,j,t) + kt J3(1,2,j,i,k,t)

+ jkt 1J4 (1,i,J,k,&) - J5(1,i,J,k,&,2)])

E2(i,J,k,t) J0 cos iirx Zl(J) Z2(k) Z2(t)dx

1 -i- 13(k~t,i,j,1) + 14 (k,L,iJ,1,2) - J 12(2,j,k,&.,i,l)
2

+ k 14(2,L,i,j,k,l) + t 14(2,k,i,j,&,l) - jk 12(1,2,j,&,i,k)

- J& 12(1,2,j,k,i,t) + kt 14 (1,2,i,j,k,t)

- jk& 113(1,j,i,k,t) - 14(1,J,i,k,i,,2)])

E3(i,J,k,&) -Jcos iirx Zl(j) Zl(k) Z2(&)dx

1 {J4(L,i,J,k,1) + J5(6,i,J,k,1,2) - J J3(2,j,t.,i,k,1)
2

-k J3(2,k,st,i,j,1) + t J5 (2,i,j,k,t&,1) + jk Jl(1,2,j,k,L,i,)

-J& J3(1,2,j,i,k,L) - kt J3(1,2,k,i,j,&)

+ jkt& fJ2(1,j,k,i,i.) - J3(1,J,k,i,&,2)])
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E4(i,J,k,t) -0 Jcos iix Zl(j) ZI(k) Zl(t)dx

S1-. (15(i,j,k,&,l) + 16(i,J,k,&.,1,2) -J 14 (2,j,i,k,&,l)

-k 14 (2,k,i,j3 ,t1) -&1 4(2,&,i,j,k,l) + jk 12(1,2,j,k,i,t)

+ J& 12(1,2,J,&J,i,.) + k& 12 (1,2,k,L,i,j)

-jk& (11(1,j,k,L,i) - 12(1,J,k,i.,i,2)1)

1

Fj(i,j,k,&) -0 JCOS i~rx Z2 0j) Xl(1,k) Xl(l,.t)dx

1 -( Jl(1,2,j,k,&,i) + J(J2(1,k,&,i,j) -J 3(l,kL,i,J,2)])
2

F2(i,j,k,&) -0 JCOS iirx Z2 0j) Xl(11k) X2(1,&)dx

2

F3(i,j ,k,La) 10 JCOS ilrx Z20j) X2(1,k) X2(1,a.)dx

1 {J3(1,2,j,i,k,a.) + J[J 4(1,i,J,k,a.) -J 5(1,i,J,k,t.,2)I)
2

'F4(i,J,k,a.) f- Jcos iirx ZI(j) Xl(1,k) Xl(1,ta)dx

1 (12(1,2,k,&.,i,j) - J[Il(1,j,k,a.,i) -1 2(1,j,k,t.,i,2)])
2

F5(i,j,k,a.) to J O cos x Zl(j) Xl(1,k) X2(1,a.)dx

= 1 (J3(1,2,k,i,j,a.) - j[J 2(1,j,k,i,a.) - 31jkit2]
2
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F6(i,J,k,i&) - J COS iffx Zl(J) X2(l,k) X2(1,&)dx

1 ..L (14(1,2,i,J,k,&) - jf13 (1,J,i,k,t) 1 4 (1,J,i,k,t,2)])

G1(i,j,k,at) -Jsin ilrx X2(1,J) Zl(k) Zl(&)dx

1 (14(2,i~j,ki,t1) -k1 2(1,2,i,k,J,L) - L12(1,2,i,t.~j,k)
2

+ kt[Il(l,i,k,&,J) -1 2 (l,i,k,&,J,2)])

G2(iJ~kt) 10sin iffx X2(1,J) Zl(k) 2&d

- -.1 {J3(2,i,&,J,k,1) -kJl(1,2,i,k,&,J) + &J3(1,2,i,j,k,t)
2

-kt4J 2 (1,i,k,j,&) -J 3(1,i,k,J,L,2l1)

G3(i,J,k,L) - f sin iirx X2(1,J) Z2(k) Z2(t)dx

1 ( 12(2,i,k,&,j,l) + k12(1,2,i,&,j,k) + tl2(1,2,i,k,j,L.)
2

+ k&[1 3(l,i,J,k,t) - 14(l,i,J,k,t,2)])

10

1 I J3(2,i,j,k,&,1) -kJl(1,2,i,j,k,iL) - tJl(1,2,i,j,i&,k)
2

+ k&[J0 (,i,j,k,t) -Jl(l,i,j,k,t,2)]) A
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G5(i,J,k,t) -Jo sin iirx Xl(1,j) Zl(k) Z2(&)dx

S1~ (12(2,i,j,.&,k,l) -kI 0 (1,2,i,j,k,&) + &12(1,2,i,j,k,&)

2

-ks[Il(l,i,j,k,&,) -1 2(l,i,J,k,&,2)])

G6(i,J,k,&) - J sin iffx Xl(1,j) Z2(k) Z2(&)dx

.-- t Jl(2,i,j,k~,1,) + kJl(1,2,i,j,L.,k) + t-J1(1,2,i,j,k,&)

2

+ k&(J 2(l,i,J,k,L) - J3(l,iJ,k,&,,2)])

1

K0(i,j,k,L) - J Z2(i) Z20j) Z2(k) Z2(&)dx
-1 (~i.310 (i,j ,k,&a,) + 41l(i,j,kL,2) + Il(i,j,k,a.,4)
8

"+ i[2Il(2,j,k,L,i) + Il(4,j,k,a.,i)] + J[211(2,i,k,&.,J)

"+ 11(4,i,k,a.,J)] + k[21l(2,i,J,L.,k) + Il(4,i,J,a,k)]

"+ &[21l(2,i,j,k,L.) + Il(4,i,j,k,a.)] + iJ[12(k,a.,i,j)
- 13(k,&.,i,J,4)] + ik[I 2(J,&,i,k) - 13(J,&.,i,k,4)]

+ ia.[12(J,k,i,a.) - 13(J,k,i,&.,4)] + jk[1 2(i,L.,J,k)

- 13 (i,',,J,k,4)] + JL11 2(i,k,j,&) - 13(i,k,j,i.,4)]

+ k&.[12(i,J,k,&/' - 13(i,J,k,&.,4)) + ijk(2I3(2,a.,i,j,k)

- 13(4,t,,i,j,k)] + ij,&[2I 3(2,k,i,j,a.) - 13(4,k,i,j,&.)]

+ ikaLf2I 3(2,j,i,k,a.) - 13 (4,j,i,k,&.)] + jka.[21 3(2,i~j,k,a.)

14 - 13(4,i,j,k,L.)] + ijk&[314(i,J,k,a.) - 415(i,J,k,i,,2)

+ 15(i-J,k,&.,4)])
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K1(~j~~i)- JZl(i) Z20j) Z2(k) Z2(L)dx

S1- (3Jl(j,k,&,i) + 4J(~,,,)+ J2(J,k,a.,i,4)
8

. i[2Jo(2,i,j,k,t) + 30 (4,i,j,k,&)] + J[2J2(2,k,t,i~j)

"+ J2(4,k,&,i~i)] + k[2J2(2,j,&,i,k) + J(,,~~)

"+ &,[2J2(2,j,k,i,&) + J2(4,j,k, i,-)I - ij[Jl(i,k,&,J)

-J2(i,k,&,J,4)] -ik(JI(i,j,i&,k) - J2(i,J,&,k,4)]

-iL[Jl(i,j,k,L) -J 2(i,J,k,L,4)] + Jk[J3(t,i,J,k)

J4(L,i,J,k.4)] + J&[J3 (k,i,j,&) -J 4 (k,i,j,L.,4)]

+ kt[J3(J,i~k,t) - J4(J,i,k,t,4)] -ijk[2J 2(2,i,&,j,k)

- J2 (4,i,t,j,k)] - ij&(2J2(2,i,k,j,&) - J2(4,i,k,J,L)]

- ikt[2J2(2,i,j,kL) - J2 (4,i~j,k,t)] + JkL[2J4 (2,i,j,k,t)

- J4 (4,i,j,k,&)] - ijkt[3J3(i,J,k~t) - 4J4(i,J,k,t,2)

+ J4 (i,J,k,&,4)])

K2(i,J,k,.&) -Jo Zl(i) Zl(J) Z2(k) Z2(6)dx

1 ..L (312(k,L.,i,j,) + 413 (k,L,i,J,2) + I3(k,&,i,J,4)
8

_ i(2Il(2,i~k,&,J) + 11(4,i,k,L,j)] - J[211(2,j,k,L.,i)

"+ Il(4,j,kL,i)] + k[2I3(2,&,i~j,k) + 13(4,&,i,j,k)]

"+ &[21 3 (2,k,i,j,&) + 13(4,k,i,j,&)]+ ij[I0(i,j,k,L)

- Il(i,j,k,&,4)] -ik[I 2(i,&,j,k) -1 3(i,&,J,k,4)]

- iL.[12(i,k,j,t) -1 3(i,k,j,t,4)] -jk[I 2(J,&,i,k)

- 13 (J,&,i.k,4)] -JL11 2 (J,k,i,t) -1 3(J,k,i,&.,4)]

+ k&[14 (i,J,k,&) -1 5 (i,j,k,L,4)] + ijk[211 (2,i,JL,k)

- Il(4,i,j,&,k)] + ijt[211 (2,i,j,k,t&) - Il(4,i,j,k,t)]

- ikt[2I3(2,i,k,J,L) - 13 (4,i,k,j,&)] - jk&[213 (2,j,i,k,&)

- 13(4,j,i,k,&)] + ijkitf3I 2(i,J,k,L) - 413(iJ,k,&,2)

+ 13(i,J,k,&,4)]1
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K3(i,J,k,&) - J Zj(i) ZI(j) Zl(k) Z2(&)dx

-I-. (3J3(1,i,J,k) + 4J4(t,i,J,k,2) + J4 (t,i1J,k,4)

_ if2J2(2,i,&,J,k) + J2(4,i,&,J,k)] - J12J2(2,j,&,i,k)

+ J2(4,j,&,i,k)] - k[2J2(2,k,s.,i,j) + J2 (4,k,&,i,j)]

+ &(2J 4(21i,j~kL) + J4(4,i,j,k,t)] + ijfJl(i,j,t,k)

- J2(i,J,L'k,4)] + ik(Jl(i,k,&,J) -J 2(i,k,s.,J,4)]

- iL.(J3(i,J~k,&) - J4 (i,J,k,&,4)] jk[Jl(j,k,&,i)

- J(kdi4]- J&1J 3(J~ik,t) -4Jik,,)

- kt4J 3(k,i,j,&) - J4(k~i,j,&,4)] ijk[2J0 (2,i,j,k,t)

- J0 (4,i,j,k,t)] + ij&(2J2 (2,i~j,k,&) - J2 (4,i,j,k,t)]

"+ ik&[2J2 (2,i,k,j,t) - J2(4,i,k-,J,L)] + jkt[2J2(2,j,k,i,c)

"+ J2(4,j,k,i,&,)1 ijk&[3Jl(i,.j,k,&) - 4J2 (i,J,k,&,2)

+ J2 (i,i,k,t,4)D)

K4(i,j,k,.&) - J Zj(i) ZI(j) Zj(k) Zl(L)dx

1 (314 (iJ,k,L) + 415(i,J,k,L,2) + 15(i,J,k,&,4)

8

- i[2I3(2,i,j,k,&) + 13(4,i,j,k,t)] - j[213(2,j,i,k,t)

+ 13(4,j,i,k,&)] - k[213(2,k,i,j,&) + 13(4,k,i,j,&.)]

- 4(213(2,L.,i,j,k) + 13(4,&,i,j,k)] + iJ[12 (i,J,k,it)

- 13(i,J,k,&,4)) + iktI2(i,k,j,a.) - 13 (i,k,j,i.,4)]

+ i&[I2(i,L.,J,k) - 13 (i,t,J,k,4)] + jk[1 2(j,k,i,t,)

-13 (J,k,i,&,4)] + J&112(J,te,i,k) - 13(J,t,,i,k,4)]

+ k&11 2 (k,&,i,j) - 13(k,L,i,J,4)] - ijk[2Il(2,i,j,kL)

- Il(4,i,j,k,i&)I - ij&[21l(2,i,j,t.,k) - Il(4,i,j,i4,k)]

- ikt[2I1 (2,i,k,&,j) - Il(4,i,k,L.,J)] - jkt[21l(2,j,k,i,,i)

- Il(4,j,k,t,i)] + ijkL[310 (i,j,k,L) - 411(i,j,k,&,2)

+ 11(i,j,k,&,4)])



L0 (i,j,k,&) - J X2(1,i) X2(1.,J) X2(l,k) X2(1,a.)dx

-1 [.-314(i,J,k,L) -41 5(i.,J,k,&,2) + I5 (ij,Ic,k,4)
8

1

L1 (ij,jk,&) - Xl(l,i) X2(1,J) X2(1~k) X2(1,&)d~x

- -1 (3J3(i,J,k,t) -4J 4 (i,J,k,&,2) + J4 (i,J,I,,&,4)]
8

L2(i,J~k,&) - J0 Xl(1,i) Xl(1,J) X2(l,k) X2(1,&)dx

- J-1 [312 UiJ,k,t) -41 3 (i,J,k,&,2) + 1(,~~,)
8

1

L3(i4,k,),&) JX1(l,i) Xj(1,J) XI(l,k) X2(1,&)OYx
8--L (3Jl(i~j,k,t) -4J 2(i,J,k,&,2) + J2(iJ,k,&,4)I

1

LWi.,JXk, 1 Xl(1,i) XI(1,J) Xl(1,k) XI(1,s)dx

[ 310 (i,j,k,&) - 41l(i,j,k,&,2) + 11 (i,j,k,&,4)]

M00 (i,j,k,&) -Jo Z2(i) Z20j) X2(l~k) X2(1,u,)4x

1(12(i,J,k,&,) - Il(i,j,k,&,4) + i[2I3(2,j,i,k,t)

-13(4,j,i~k,&)] + J[213 (2,i~j,k,&) - 13(4,i,j,k,&)]

+ ij[3I4(i,J~k,t) - 415(i,j,k,&,2) + I5(i,J,k,&,4)]}
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Mol(i,j,k,t) - J Z2(i) Z2 0j) Xl(l,k) X2(1,&)dx

I . (Jl(i,j,k,t) - J2(i,J,k,&,4) + i[2J2 (2,j,k,its)
8
- J2(4,j,k,i~t)] + J[2J2(2,i,k,j,t) - J2(4,i,kj,J,)]

+ ij[3J3(k,i,j,&) - 4J4(k,i,j,&,2) + J4 (k,i~j,&,4)])

M02(i,J,k&i) - J Z2(i) Z20j) Xl(l,k) Xl(l,&)dx

I (I{1(i,j,k,i.) - Il(i,j,k,&,4) + it2Il(2,j,k,t,i)
8
_ Il(4,j,k,&,i)] + J[21l(2,i,k,i.,J) - I1 (4,i,kt,&J)]

+ ij[312(k,t.,i,j) - 413(k,&,i,J,2) + 13(k,&,i,J,4)]1

Ml0 (i,j,k,t) - J Z(i) Z2(J) X2(l,k) X2(1,&)dx

1~ ...L J3(J,i,k~t) - J4 (J,i,k,&,4) - i[2J2 (2,i,j,k,t)
8

-J2 (4,i~j,k,t)] + J[241(2,i,j,k,,&) - J4(4,i,j,k,t)]

-ij[3J 3(i,J,k,t&) - 4J4(i,J,k,&,2) + J4(i,J,k,&,4)])

Mll(i,j,k,t) - J Z(I) Z2 0j) Xl(l,k) X2(1,&)dx

1 (12(j,k,i,L) - 13(J,k,i,&,4) - i[21l(2,i,j,k,t)
8
_ 11(4,i,j,k,t)] + J[213(2,k,i,J,L) - 13(4,k,i,j,&)]

- ij[312(i,k,j,t) - 413(i,k,j,t,2) + 13(i,k,j,&.,4)])

M12(i,J,k,&) - J Zl(i) Z2 0j) XI(1,k) Xl(1,&)dx

- -L [Jl(J,k,&,i) - J2(J,k,&,i,4) - i[2J0(2,i,j,k,t)8
_ J0 (4,i,j,k,t)] + j[2J 2(2,k,t,i,j) - J2(4,k,t,,i~j)]

- ij[3Jl(i,k,s.,j) - 4J2 (i,k,t,,J,2) + J2(i,k,t,J,4)J)
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M20(i,J,k,&) - J Zl(i) ZI(j X2(1,k) X2(1,&)dx

1 1I 14(i,J,k,&) -1 5(i,J,k,&,4) - i[2I3(2,i~j,k,t)
8

_ 13(4,i,j,k,t)] -J[21 3(2,j,i,k,t) - 13 (4,j,i,k,t)]

+ ij[312(i,J,k,t) -41 3 (i,J,k,&,2) + 13(i,J,k,&,4)])

.1

M21(i,J,k,g) -JZ 1(i) Zl(j) Xl(l,k) X2(1&t)dx

1 J3(k,i,j,&) -J4(k,i,j,&,4) - it2J2(2,i,k,j,&)

-J2(4,i~k,j,&)] -J12J 2 (2,j,k,i,t) - J2(4,j,k,i,t)]

+ ijt3Ji(i,j,k,t) -4J 2(i,J,k,t&,2) + J2(i,j,k,t,4)])

M22(i,J,k,t) -Jo Zl(i) tl(j) Xl(l,k) Xl(1,.&)d3X

-.1. (12(k,&,i,j) 1 3(k,&,i,j,4) - i(2Il(2,i,k,&,J)
8
_ 11 (4,i,k,i,,J)] -J[21 1(2,j,k,&,i) - 1(4,j,k,a,,i)]

+ ij[310 (i,j,k,L) -41 1(i,j,k,&,2) + 11(i,j,k,&,4)])

1

Tl(i,j,k) - J Z1.(i) X1(l,j) Xl(1,k)dx

T2(i,J,k) -Jo Z2(i) X1(1,j) Xl(1,k)dx

-Jl(1,1,i,j,k,l) + i J1 (1,1,1,j,k,i)

1

Tg(i,j,k) - J Zl(i) X20j,1) X2(k,1)dx
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T10(i,j,k) - J0 Z2(i) X2 0j,1) X2(k,1)dx

- J3(i,J,k,1,1,1) + i J3(1,J,k,i,1,1)

-T 14(i,J,k) -J0 Z2(i) X2(1,J) X3(1,k)clx

-14(l,i,J,k,1,1) + 1 14(1,1,i,J,k,l)

1

T16(i,J,k) -J0 Z(I) X2(1,J) X3(1,k)dx

- J5(1,i,J,k,1,1) - £ J3(1,1,i,J,k,1)

Q1(i,j,k) - J0 Z3(i) Z20j) Xl(l,k)dx

where Z3(i) - X2(l,i) + i[X2(i,1) - sin iirx]

Q2(i,j,k) - J0 Z3(i) Z2(J) X2(1,k)dx

=C 3(1,i,k,j) + i[C3(i,1,k,j) - J2(1,i,j,k,1)] iJJ2(1,1,i,J,k)

Q3(i,J,k) -J0 Z3(i) Zl(j) Xl(1,k)dx

-C 2(1,i,k,j) + i[C2(i,1,k,j) - J2(1,i,k,i,1)I + ijJ0(1,1,i,j,k)

Q4(ij~k)-10 Z3(i) Zl(J) 2lkd

-C4 (1,k,i,j) + i[C4(i,1,k,j) - 13(l,i,j,k,l)] + ijIl(1,1,i,j,k)
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Q5(i,J,k) - J0 Z4(i) Z2 0j) XI(1,k)dx

- T2(J,i,k) - i[C3(k,1~i,j) -J2(1,Jik,i,l)] + ijJ2(1,1,k~i,j)

where Zj4(i) - Xl(i,l) - i[XI(1~i) -cos iirx]

Q6(i,J,k) - J0 Z4(i) Z2(J) X2(1~k)dx

- CI(1,k,i,j) - i[Tl4 (J,k,i) - 13(1,j,i,k,l)] + ij13(1,1,i,J,k)

I

Q7(i,J,k) - J0 Z4(i) ZI(j) Xl(1,k)dx

-Tl(j,i,k) -i[C 4 (k,l,i~j) - 13(l,k,i,j,l)] - ijIl(1,1,j,'k,i)

08(i~j,k) - J0 WO(1 Zl(J) X2(1,k)dx

-C 2(1,k,i,j) - i[Tl6(J,k,i) - J4(1,i,j,k,l)] - iJJ2(1,1,j,i,k)

1

Ul(i,j,k) - J0 cos iwrx Zl(j) Zl(k)dx

- 15i(i,j,k,1,1) - J13 (1,J,i,k,l) - k13(l,k,i,j,l) + JkIl(1,1,j,k,i)

1

U2(i,J,k) -J0 sin iirx Zl(j) Zl(k)dx

-J 4 (i,J,k,1,1) - JJ2 (1,iJ,k,1) - kJ2(1,i,k,j,i.) 4 JkJ0 (1,1,i,j,k)

U3(i,J,k) - Jo cos iffx ZI(j Z2(k)dx

-J 4 (k,iJ,1,1) - JJ2(1,J,k,i,l) + kJ4(1,i,J,k,1) - JkJ2(1,1,J,i,k)
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U4(i,J,k) - J0 sin iirx Zl(j) Z2(k)dx

- 13(i,k,J,1.1) - JI1(1,i,j,k,l) + k13(1,i,J,k,l) -JkIl(1,1~i,j,k)

U5(i,J,k) - Jo cos iirx Z2(J) Z2(1c)dxc

-1 3(j,k,i,1,1) + J13 (l,k,i,j,l) + k13 (1,J,i,k,l) + Jk13 (1,1,i,J,k)

U6(i,J,k) -Jo sin iirx Z2(J) Z2(k)dx

J2(iJ,k,1,1) + JJ2(1,i,k,j,l) + kJ2 (1,iJ,k,1) + JkJ2 (1,1,iJ,k)

V4(i,J,k) - J0 X2(1,i) ZI(j) Zl(k)dx

- J5 (1,iJ,k,1,1) - JJ3(1,1,J,i,k,l) - kJ3(1,1,k,i,j,l) + JkJl(1,1,1,j,k,i)

V5(i,j,k) - Jo X2(1,i) Z1(j Z2(k)dx

=14(l,k,i,J,1,1) - J12(1,1,J,k,i,l) + k14 (1,1,iJ,k,l) - Jk12 (1,1,1,J~i,k)

V6 (i,J,k) - foX 2(1,i) Z2(J) Z2(k)dx

- J3(l,j,k,i,1,1) + JJ3(1,1,k,i,j,l) + kJ3(1,1,j,i,k,1) + JkJ3(1,1,1,i,J,k)

V7(i,j ,k) - Jo X2(i,1) Z2(J) Z2(k)dx

=J 3(i,j,k,1,1,1) + jJ3(1,i,k,j,1,1) + kJ3(1,i,J,k,1,1) + j'kJ 3(1,1,i,j,k.1)
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V8(i,j,k) - Jo X2(i,1) Zl(J) Z2(k)dx

-14 (i,k,J,1,1,1) -J1 2(1,i,J,k,1,1) + k14(l,i,J,k,1,1) -Jk1 2(1,1,i,j,k,,1)

1

V9 (i,j,k) - J0 X2 (i,) Zl(j) Zl(k)dx

-J5(ij,k,1,1,1) -jJ3(1, ,j,,k,1,1) -k j( 1 4(,i,k,j1)+jJ(1,1) ijk1

W2(i,J,k) - Jo Zl(i) Z2(J) Z2(k)dx

_ 14(iJ,k,i1,1,1) - 112(l,i,J,k,1,1) + J14(l,j,i,k,1,1)

"- k14 (1iJki~k,1,1) +iJI 2(1,1,i,kj,k,) - ikI2(1,1,i,jk,j,)

"+ jkI2 (1,1,iJ,k,i1) -ijkI2(1,1,1,i,j,k)

W3(i,J,k) -J0 Zl(i) Zl(J) Z2(k)dx

- J5(jk,i,,1,1,1) - iJ3(l,i,kj~l,1,1) - jJ3(1J,k,ij,1,1)

+ kJ5(1,,i,Jk,1,1) + ijI2 (1,1,i,jk,j,) -ikI 2 (1,1,i,j,k,l)

- JkI4(1,1,Jij,k,l) + ijk~l(1,1,1,i,j,k)
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W4(i,j,k) - J0 Z2(i) Z2 0j) Z2(k)dx

- J3(i,J,k,1,1,1) + iJ3(1,J,k,i,1,1) + JJ3(1,i,k,J,1,1)

4V + kJ3 (l,iJ,k,1,1) + iJJ3(1,1,k,i,j,1) + ikJ3(1,1,J,i,k,l)

+ JkJ3(1,1,i,j,k1l) + ijkJ3(1,1,1,i,J,k)

1

Pl(i,j,k) - J0 [sin iirx -X2(i,1)] Z20j) Z2(k)dx

- U6 (i,J,k) - V7(i,j,k)

P2(i,J,k) -=10 [sin iirx - X2(i,1)] Zl(J) Z2(k)dx

- U4 (i,j,k) - V8(i,j~k)

P3(i,J,k) -J0 [sin iirx - X2(i,l)] Zl(j) Zl(k)dx

- U2(i,J~k) - Vg(i,j,k)

P4(i,.j,k) - J0 (cOs iirx - X3(i,1)] Z2(J) Z2(k)dx

- 'U5(i,J,k) - Bl(l,i,j,k)

P5(i,j,k) - Jo [cos iffx - X3(i,1)] Zl(J) Z2(k)dx

- U3(i,J,k) - B2(l,i,j,k)

P6(i,j,k) -J0 [cos iirx - X3(i,1)] Zl(j) Zl(k)dx

- Ul(i,j,k) 

- B3 ( 
1,i,j,k)
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The energy integrals are evaluated in closed form and they are expressAd

in terms of the integrals defined above. These integrals are given below.

F5  . f 5 (x,y)dxdy - J(1) J(1) -AL-

110

G5 5 - J f 5 ,1 (x,Y)f 5, 2 (X,Y).dxdY - i 2 Jl(l)Jl(l'l) - 0

13.
22 21rj UT(J - 2

G5 5 - J J0 f 5 ,2 (xy)f5 ,2 (xy)dxdy w240(1)I2(!,!) 4

Jlnm - J fl(1,y;n,m)dy - sin r [cos nr I(m) + sin nx j(m)] -0

1

J2nm J1 f 2 (l,y;n,m)dy - cos nr (1-cos w)I(m)

+ sin nr (1-sin r)J(m) - 0 o - 0

Jlnm J fl,l(X,O;n,m)dx - r{[ 12 (ln) - nIO(ln)] cos (0)

10

+ [Jl(n,l) + nJl(l,n)] sin (0)) - 0

Kilnmpq -J fl,l(X,O;n,m)fil(X,O;p,q)dx

-2 114(n,p,l,1) - n12 (l,n,p,l) - pI2(l,p,n,l)

+ npIo(1,I,n,p)]

22
K22nmpq - f 2 , 2 (l,y;n,m)f 2 , 2 (l,y;P,q)dy - 4mqw 2 (-1)n+PI 0 (m,q)
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33 J
K22pjmpq - f2 ,3 (X,O;n,m)f2 ,3 (X,O;p,q)dx

m ff4[(1+n 2)(1+p 2) 14(n,p.1,1) - (n2-Ip2+2n2p2) 13(n,p,l)

+n2P2 12(n,p) - 2n(l+p2) 12(l,n,p,l) + 2np211(1~n,p)

- 2p(+n2) 2(l,p,n,l) + 2n pi1p,n) + 4DP1O(1,1,n,p)]

3 ~44J
Kllpmpq -0 fl,4 (1,y;n,m)fl,4 (1,y;p,q)dy - 0

F3nm -J0 J0f3(xsy;n~m)dxdy - J(n) J(m)

Fu - J0  J0 f4(xty;n~m)~dxy - I0(1,n)Jl(1,m) -Jl(1,n)I 0 (1,m)

Flm- J fll(x~y;n~m)dxdy - ff(112(n,l) - nI0(l,n)] I(m)

+ [Jl(n,1) + nJl(l,n)] J(m))

- rf[Jl(n,1) + nJl(1,n)] J(m) for m 0' 0

hlu 01 Jfl,2(xiy;n~m)dxdy - nrtJl(1,n)I(m) - Jln)m]

m rrJl(l,n)J(m) for m o' 0

F~m- J0 J0f2 , (x~y;n~m)dxdy w irnJl(n,1) + Jl(1,n)-nJ(n)] I(m)

+ [nI(n) - n12 (n,l) + 10(l,n)] J(m))
- 0 for n,m o0

2 11 0

F -n J Jf 2,2(x~y;n~m)dxdy- mir{[J(n) - Jl(n,l)] 1(m)

- [I(n) - 12(l,nl)] J(m))

- mNr12(l,n) 3(m) for n,m 00
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-4n J0 J0f4,5(x,y;n,m)f5,3(X,Y)dxdY

-f-f4([I(1,n,1) + n11(1,1,n)]fJ 2(l,rn,l) - mi J0(1,1,rn)]

[ Jn(l1n,l) - n J0(1,1,n)][II(l,rn,1) + rnlj(1,1,r)])

G45nmii - J~Jf4 ,5(x~y;nhm) f5,4(X,Y)dxdY - 4n

G45riii - L0 J10f4,5(xsy;n~m) f5,5(X,Y)dxdY

- -ir4((J2(n,1,1) + nJ2(l,n,l)]l13(m,1,1) - rn11(l,m,l)]

1 13(n,1,1) - nIl(i,n,l)]EJ 2(rn,l,1) + 1mJ2(l,m,l)I)

11

11G35 - J0Jf 3 ,1(x~y;nhm) f5,1(X,Y)dxdY - nar2 12(n,1)10(1,mn)

f 2A4 n - m-

-l0 all other n,rn

12 r
G35iiii - JO J0f3,l(xuy;n~rn) f5,2(x,y)dxdY - n2 Jl(l,n)Jl(rn,l)

11
21 12

G35riii - J1 J0 0f3,2(xsy~nim) f5,1(x,y)dxdy - G35mn

11
22 1

G35nrn - 1 1 f:(~ynm f5,2(x,y)dxdy - G35mn -
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G35pimj 1 0 J0 f3 ,3 (xsY~nrn) f5,3 (x,y)dxcdy n nIr4 1(n 0 lr)

wi4/4 n -rn-i1

1.0 all other n,rn

G5m- J0 J0 f3,3(xsy;nhm) f5 ,5(X,Y)dxdY -
1 1

43 F33
G35rnii - J f3 4 (x~y;Ti~rf) f5,3(x,y)dxdy - G35mn

G3 5~~- 0 Jlf 3,4(xsy~n~m) f5,4(x,y)dxdy - G35rnn

G35riii - J1 J f3,4(x~y~nhm) f5,5(x,y)dxdy - G35mnn

G5m- J' Jof3 ,5(xsy;n~rn) f5,3(x,y)dxdy - - nrnxr4ji(l,n)Jj(l,m)

54 53
G35nm - 11: J0f3 ,5(x~y;n~m) f5,4(x,y)dxdy - 3n

G3 5nm - 1I J10f3 ,5(x~y;n~m) f5,5(x,y)dxdy - rurnr4 12(n,l)I2(mn,l)
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Gnm- J0  Jof4 ,1(xsy;n~m) f5,1(x,y)dxdy

. f 2t[IJ2(n,1j,1) + nJ2(1lfl,1)] 11 (1,lmr)

125I - J0 Jf 4,1 (x~y;n~m) f5,2(x,y~dxdy

112

G45JmJf4,2 (x.y;nim) f5,1 (x,yDdxd.Y-- G45tn

22 1

G45nm - Jo Jof 4,2(x~y~n~m) f5,2(x,y)dxdy -- G45mn

G45xwii J 0 Jof4,3(x~y;nsm) f5,3 oxiy~dxdy

-- [4nJ2(l,n,1) -(1+n 2)jo(1,1,n)] II(1,1,m)

+ [2nJl(1,n,1) + (1+n2)ji(1,1,n)IJ J0 (1,1,m))

34 J Jf4,3(xiy;r1~m) f5,4(x,y)dxdy - G45ru

G5m- 1: Jof4,3(xY;n~m) f5,5(x,y~dxdy

. in4U2nI3(n,1,1) - (1+n2)11(1,n,1)] J2 (l,m,1)

+ [2nJ2(n,1,1) + (1+n2 )J2(1,n,1)] 11 (1,m,1))
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G4 -~ J 0 J10 f 4 ,4 (XiY;nhm) f5 ,4(x,y)dxdy - - G45mn

11

G5m- J0 J10f4 ,4(xiy;n~m) f5,5(x,Y)dxcdY' r-G45mn

1 1

G5m- L0 J0f3,(x~y;n~r) f 55 (x,y)dxdy - G45~lIOmnl

11

=4n 10 J0 f(x~y;n~m) f5(x,Y)dxdY- (nlIrn1

1 0 Jfl4 (x~y;n~m) f5(X,Y)dxdY

- (J2(ll,n)1(,lr) - 11O(1,l,n)Ji(l,lm)

+ EIl(l,n,l) + nIl(l,l,n)]Io(l,m))

20
-2n J0  J10f2,2(xiy~n~m)f5(xiY)dxdY

- rni[Io(l,n) - 1(l,n,l)]Jl(l,rn)

* [J(l,n) -J 2(l,n,l)]I0 (11rn))
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H35z.m - J f J , 1 (x, y; nm) f5 (XY) f 5,1(x, Y) dY

m r1r2 12(l,n,l) I0 (1,1,m)

H355m - 1 Jf 3 ,2 (x.Y;nsm)f5(x.Y)f5,2(x.y)dxdy- H355mn

110 J1 Jof 4 ,1lxiy;n~m~f5,lXY~f5(x~y~dxy
H4 55 r~ -J

mX 2 {( 12(l,n,1,1) + n12(1,1,n,l)] Jl(1,1,1,m)

20211
2025n -J0 Jf4 ,2(XtY;nhm)f5(xiY)f5 ,2(x*Y)dxdy-- H455mn

011ru ' J1 J0 f3 (xiy;nsm)f5,1(x~y)f5 ,1 (x~y)~dxy

- r2 J2(n,1,1) 10(1,1,m1)

H5n- 02 J Jf 3(x~y;n~m~f5,2(XY~f5,2(xiY)dxdy- H355mn1

011n J0  Jo f4(x~y;n~m)f5 ,1(xY)f5 ,l(x~y)dxdy

022Oi
H455niii - 10 - -xynm~52xYf52xYd H455mn
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H15m- J0  Jlfl,l(x~y;ntm)f5,l(XY)f5,l(XY)dxcdY

+ [J3(n,1,1,1) + nJ3(1,n,1,1)] J0(1,1,m))

1212
H5m- 10 1 Jfl,l(x,y;n,m)f5 ,2 (x,Y)f5 ,2(x,y)dxdy

- ir3 {[I12(1,1,n,l) - nIO(1,1,1,n)] J3(m,1,1)

212 F F
H15u mf- Jo Jfl 2 (x,y;n,m)f5 ,1(X,Y)f5 ,2 (x,y)dxdy

- mir3[Jjl(1,,n,l) J2(1,m,1) - 12C1,1,n,l) II(1,m,1)]

111

H25n Jo jf2, 1(x,y;n,m)f5,1(x,Y)f5 ,2(X,Y)dxcdY

. 'r3¾ I2(1,1,n,l) + n(12(l,n,1,1) -Ii(l,n,1))] J2(1,m,1)

+ [Jj(1,1,n,1) - n(J3(l,n,1,1) -J 2(1,n,1))] Il(1,m,1))

2111

H25m- Jo jf2,2(x.y;n~m)f5,l(xY)f5,1lxcY)dxdY

_ mir3t [J2(n,1,1) -J 3(n,1,1,1)] I1(1,1,m)

222 F
H25m- J0 Jf2,2(x~y;n~m)f5,2(xY)f5,2(x1 Y)dxdY

- m~r3t[J 0(1,1,n) -Jl(1,1,n,1)] 13(m,1,1)
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135nm- J0 J0 f3 1(x,y;n,m)f5,1(X,Y)f5, 1(x,Y)f531(x,y)dxdy

mnir4 J4(n,1,1,1) I0 (1,1,1,m)

1121

155m- Jo10 Jf 3 1(xiy~n~m)f, 1 (xiY)f5,2(xY)f5,2(xY)dxdY

w n-m4 I12(1,1,n,l) 12 (1,M,1,1)

1 1
211 1122

13555rmn -32xYamf,(,~f,(,~52xYdd 1 3555mn

11
2222 r r11

13555ri - j011 jf3 2 (x,y;n,m)f5 ,2(x,Y)f5 ,2 (x,Y)f5, 2(x,Y)dydY 1 3555mn

1 1
1111

14555rim - JoJ f4,1(x,y;n,m)f531 (x,y)f5,1(x,Y)f5 ,1(x,y)dxdy

11
1122 F
14 55 5nm - jo 10f4 ,1 (x,Y;n,m)f5 ,1 (x,Y)f5 ,2(x,Y)f5 ,2 (x,Y)dxdY

- ff4 U J2 (1,1,n,1,1) + mJ2 (1,1,1,n,1)] 13 (1,1,m,1,1)

11
2112 f '1122
1455 5nm - J0 j0f4 ,2(x1 y;n~m)f5 ,l(xY)f5l1(xsY)f5 ,2(xsy)dxdy - 14555mn

2222 [ F111
14555nm b 0 f42xynn~52xYf52ý,~52xYd - 1 4s55mn
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001

G33rnmpq - J0 If3(xsy;ntm~f3(x~y;p~~dxy

0 ~ 1/4 for n -p and m -q
- I0(n,p) IO(m,q) 0-o po

G33nmpq -J J1lf3,l(x~y;nlm)f3,l(xIy;pPq)dxdy

-np~r2 I12 (n~p) IO(m,p) - np2 G00

11 G33njmpq

22
G33pimpq -J0 Jof3,2(x~y;n~m)f3,2(x~y;pq)~dxy

33 00

G33pai.pq -J1 Jof3,3(xsy;n~m)f3,3(xsy;p~q)~dxy - n2p2xr4 G33nmpq

G33pjmpq - 11 Jof3,3(x~y;n~m)f3,4(XY;P~q)~dxy - fl2p21 4 G33runpq

G33nmpq - J0  Jof3,4(x~y;n~m)f3,4(XiY;Piq)dxdy - m2q27r4 G33runpq

55 0
G33pjmpq - J0 Jof3,5x~y;n~m~f3,5(XIY;p~dxdy - nmpqlr4 003mp

12
G33nmpq - J0  Jof3,1(x~y;n~m)f3,2(x~y;p~q)dxdy

- nqir2 Jl(p,n) Jl(m,q) - nqir2 Fl2 ~nmpq

where Fl2nmpq - Jl(p,n) Jl(m,q)
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G33nimpq - J0  ~--np~ 4 F~rn

45
G33pimpq - J0lf3,4(x~y;fl.m)f3,5(xY;Psq)dxdy - - m2pqwr4 F12pninq

G34pjmpq -10 Jof3,1(x~yn~m)f4,1(xly~p~q)dxdy

- nif 2 {EIJ2 (P,n,1) + PJ2 (1,n,p)] Il(1,m,q)

-113(n,p,l) - p~l(1,p,n)] J0(1,ni,q))

22 F F1
G34nmpq - Jo Jf3,2(xly;nlm)f4,2(XIY;P~q)dxdy - G34mnqp

12
G34pjmpq -Jo Jof3,1(x~y~n~m)f4,2(xaY;P~)dxdy

. nir2 {Il(1,p,n)IJ 2(m,q,1) - qJ0(l,m,q)]

-J2 (1,n,p)[II(m,q,1) + qIl(1,m,q)])

21 21
G34npjpq - 10 ]f3,2(x,y~n,m)f4,l(x,y~p,q)dxdy- G34mnqp

G34nmpq - Jo Jff3,3(xly;n~m)f4,3(xY;P~q)dxdy

-- n21r4([2PJ 2(n,P,l) - (1+p2)jo(1,n,p)I Il(1,m,q)

+ [2p11(n,p,1) + (1I-p 2)11(1,n,p)] JO(l,m,q)) - f 2F38nmpq

G34pjmpq -Jo jl33xynmf,(,;~~xy f 2F38mnqp
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G34rmpq - J 0  11 - llFBpp

441

G34nmpq - J1 Jf 3,4(x~y;n~m)f4,4(xIY;Plq)dxdy - m2F38mnqp

G35~p 1 h f3,3(xIy;n~m)f4,5(xY;P~q)dxdy

-- n2wr4 {[Il(n~p1) + p11 (1,n,p)]IJ2 (m,q,l) - qJ0(l,m,q)]

- J2(n,p,1) - pJ0 (1,n,p)][II(m,q,l) + qIl(1,m,q)])

112F0ip

G34rimpq - J0  Jlf 3,4(x~y;n~m)f4,5(xly~pq)~dxy- m2F3Onmpq

554~p 1 l Jf 3 ,5(x~y;nhm)f4,5(XPY;Pq)~dxy

- rwir4 U J2(P,n,1) + PJ2(1,n,p)]f13(m,q,1) - q~lj(,m,q)]

- 13(n,p,l) - pI-(1~p,n)]HJ2(q,m,1) + qJ2 (1,m,q)])

G34rnmpq -h0 10f,(~~~~43XYPqdd

- nmir 14ij2pI3(n,p,1) - (1+p2)11(l,p,n)]J2 (l,m,q)

+ [2PJ2(P,n,1) + (1+p2 )J2(1,n,p)]Il(1,q,m))

-rmF58Bmpq

1 1

G34rnmpq - J1 J 0f3 ,s(x~y;n~m)f4 ,4(xlY;P~q)dxdy - fllF58mnqp
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G44nmpq - J Jf4,1(x,y;n,m)f 4,1(x,y;p,q)dxdy

- X~2( [12(n,p,1,1) + n12(l,p,n,l) + P12(l,n,p,l)

+ nP12(1,1,n,p)] 12(1,1,m,q)

- [J3(n,p,1,1) + nJ3(1,n,p,l) - pJl(1,n,p,1)

- npJl(1,1,p,n)] Jl(1,1,q,m) I

- (J3(P,n,1,1) - nJl(1,n,p,l) + PJ3(l,n,p,1)

- npJl(1,1,n,p)I Jl(1,1,m,q)

+ (14(n,p,1,1) - n12 (l,n,p,l) - P12(l,p,n,l)

+ npI0 (1,1,n,p)] I0(1,1,m,q)}

11

G44nmpq - J 0 Jf4,2(x~y;n~m)f4,2(XtY;P~q)dxdy - G44mnqp

11

12
G44prupq - J 10 Jf 4,1(xIy;n~m)f4,2(xlY;P~q)dxdy

- ir2{[Jl(l,n,p,l) + nJl(1,1,p,n)]lJ 3 (l,m,q,l) - qJl(1,1,q,m)]

- 112 (l,n,p,l) + n12(1,1,n,p)][I2(i,q,m,l) + q12 (1,1,m,q)]

- 112(l1p,n,l) - nI0(1,1,n,p)]lI2(l,m,q,l) - qI0 (1,1,m,q)]

+ (J3(l,n,p,l) - nJl(1,1,n,p)][J1 (1,m,q,l) + qJl(1,1,m,q)])
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35nmq Jo Jf4,3(x~y;nlm)f4,5(XY;Plq)dxdy

_ ir4([2nJ3 (p,n,1,1) + 2npJ3(1,n,p,1) + (1+n2)(JI(1,n,p,1)

+ pJl(1,1,n,p)]lJ3 (1,m,q,1) - qJl(1,1,q,m)]

- [2n(I4(n,p,1,1) - P12(l,p,n,l)) - (1+n2) (12 (l,n,p,l)

- pIO(1,1,n,p))][I2(1,q,m,l) + q12(1,1,m,q)]

+ [2n(I2(n,p,1,1) + P12(l,n,p,l)) + (1+n2) (12(l,p,n,l)

+ P12(1,1,n,p))][I2(l,m,q,l) - qIO(1,1,m,q)]

- [2n(J3(n,p,1,1) - pJl(l,n,p,1)) + (1+n2) (J3(1,n,p,1)

- pJl(1,1,p,n))][Jl(1,m,q,1) + qJl(1,1,m,q)]}

G44ruinpq -L0 Jf4,4(xly;n~m)f4,5(x~y;p~q)dxdy - G44mnqp

G44unmpq Jo Jo f' 3(x,y;n,m)f4,3(x,y;p,q)dxdy

- ff4 {[4np14(n,p,1,1) - 2n(1+p2) 12(l,p,n,l) + 2p(1+n2) 12(l,n,p,l)

+ (1+n2)(1+p 2)Io(1,1,n,p)I I2(1,1,m,q)

"+ f4npJ3(P,n,1,1) + 2n(l+p2) J3(1,n,p,1) - 2p(1+n2) Jl(1,n,p,1)

-(1+n
2)(1+p 2) Jl(1,1,n,p)j Jl(1,1,q~m)

"+ [4npJ3(n,p,1,1) - 2n(1+p2) Jl(1,n,p,1) + 2p(1+n2) J3(l,n,p,1)

- (1+n2)(1+p 2) Jl(1,1,p,n)] J1 (1,1,m,q)

"+ [4np12(n,p,1,1) + 2n(1+p 2) 12(l,nl,p,l) + 2p(1-in 2) 12(l.p~n~l)

+ (1-in 2)(1+p2) 12(1,1,n,p)] IO(1,1,m,q))
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344tp - :Jf4 ,3(x)y;n~m)f4,4(x~y;psq)dxdy

- - r4 {t2nl2(l,p,n,l) - (1+n2)I0(1,1,n,p)][K1+q 2) 12(1,1,m,q)

+ 2qI2(l,q,m,1)]
41

+ t2nJ3(l,n,p,1) - (1+1n 2) Jl1(,1,n,p)]f(1+q
2 )J3(l,m,q,l)

- 2qJl(1,1,q,m)] 1

+ [2nJl(1,n,p,1) + (1+In 2) Jjjl,1,p,n)][2qJl(1,1,m,q)

+ (1+q2) Jl(l,m,q,1)]

+ [2nI2(1,n,p,1) + (1+n2)I12(1,1,n,p)][(1+q 2) 12(i,m,q,1)

-2qIO(1,1,m,q)])

G44npapq -J J0f4,5(x2 y;n~m)f4,5(xlY;P~q)dxdy

_ Ir4 UI12(n,p,1,1) + nl2(1,p,n,l) + P12(i,n,p,l) + np12(1,1,n,p)]

114(m,q,1,1) - M12(l,m,q,l) - q12(l,q,m,l) + mqIo(1,1,m,q)]

- J3(P,n,1,1) - nJl(l,n,p,l) + PJ3(1,n,p,l) - npJl(1,l,n,p)I

fJ3(m,q,1,1) + mJ3 (l,m,q,l) - qJl(l,m,q,l) - mqJ1 (1,1,q,m)]

- J3(n,p,1,1) + nJ3(1,n,p,l) - pJl(l,n,p,l) - npJl(1,1,p,n)]

(J3(q,m,1,1) - mJl(1,m,q,l) + qJ3(l,m~q,1) - mnqJ 1(1,1,m,q)]

+ (14(n,p,1,1) - n12(l,n,p,l) - P12(l,p,n,l) + npIO(1,1,n,p)]

[12(m,q,1,1) + m12(l,q,m,l) + q12(l,m,q,l) + miq12(1,1,m,q)])

00

G34nmpq = 3 (x,y;n,m)f4 (x,Y;P,q)dxdy = J0(1,n,p) Il(l,n,p) J0(I,m,q)

00r F
G44pai.pq -J 0jlf4(xly;n~m)f4(x~y;p~q)dxdy

- 10(1,1,n,p) 12 (1,1,m~q) - Jl(1,1,n,p) Jl(1,1,q,m)

- Jl(1,1,p,n) Jl(1,1,m,q) + 12(1,1,n,P) I0(1,1,m,q)
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101

Gl3rnmpq - J0  J0 fl,l(xsy;n~m)f3(xsY;Plq)dxdy

- wr{[J2(P,n,l) - nJO(1,n,p)I Jl(q,m)

+ [Il(n,p,1) +c nIl(1,p,n)I IO(m,q))

110

G14nmpq - 10JO Jfl~l(xly;n~m)f4(xY;P2 q)dxdy

- ir(112(1,P,n,l) - nIO(1,1,n,p)I J2(1,m,q)

+ [Jl(l,n,p,1) + nJl(1,1,p,n)] II(l,m,q)

- 12(l,n,p,l) + nl12(1,1,nl,p)] J0 (1,m,q))

- ff2 t11 4 (n,p,1,1) + 12(n,p,1,1) - (n-p)(12(l,n,p,l)

- 12(l,p,nl,l) + np(IO(1,1,n,p) + 12(1,1,n,p)] I0 (m,q)

"+ (J3 (n,p,1,1) + nJ3(l,n,p,1) - pJ-.(l,n,p,l)

- npJl(1,1,p,n)] Jl(m,q)

"+ [J3(P,n,1,1) - n~l(1,n,p,1) + PJ3(1,n,p,1)

-npJl(1,1,n,p)] Jl(q,m))

12 J0 flf,l(x~y;n~m)f2,2(XY;Pq)~dxy
Cl-2rmpq - 1

t- qir2 ( J2(P,n,1) - J2(n,p,l) -J 3 (P,n,1,1) + J3(n,p,1,1) - n(J0 (1,n,p)

+ J2 (l1n,p) - Jl(l,n,p,1) -J 3(l,n,p,1))] IO(m,q)

+ tIi(n,p,1) - 12(n,p,1,1) + n(Il(1,p,n) - 12(1,P,n,l))] Jl(m,q)

-11 3(n,p,l) - 14 (n,p,1,1) - n(II(1,n,p) - 12(l,n,p,l))] Jl(q,m))
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22
Gllnnmpq - J Jfl,2(x~y;n~m)fl,2(xlY;Psq)dxdy

- mqir2 UI10(1,1,n,p) + 12(1,1,n,p)] 10(m,q)

-Jl(1,1,n,p) Jl(q,m) - Jl(1,1,p,n) JI(m,q))

21

G12runpq -J0 Jofl,2(xsy~n~m)f2,1(x~y~p~)dxdy
_ mir2 {[Jl(1,1,n,p) - Jl(1,1,p,n) + p(JI(l,n,p,l) + J3(l,n,p,1)

J0 (1,n,p) - J2(l,n,p))]I 1(m,q)

+ [I0 (1,1,n,p) + p(Il(l,n,p) -1 2(l,n,p,l))] Jl(q,m)

- 12 (1,1,n,p) - -(11pn 12(1,P,nfl,))] Jl(rn,q))

G22rwipq - Lo Jof 2,1(xIy;n~m)f2,1(xly~p~q)dxdy

- Ir2((12(1,1,n,p) + I0(1,1,n,p) + (n-p)(12(l,n,p,l) - 12(1,P,n,l)

- 11(l,n,p) + Il(l,p,n)) + np(12 (n,p,1,1) + 14(n,p,1,1)

- 21l(n,p,l) - l13(n,p,l) + 210(n,p))] I0(m,q)

+ [Jl(1,1,p,n) + n(JI(1,n,p,l) - J0 (1,n,p)) - P(J3 (1,n,p,1)

- J2(l,n,p)) - nP(J3(n,p,1,1) - 132 (n,p,l) + Jl(n,p))] JI(q,m)

+ [Jl(1,1,n,p) - n(J3(1,n,p,1) - J2 (1,n,p)) + p(Jl(l,n,p,1)

- JO(1,n,p)) - nP(J3(p,n,1,1) - 2J2(P,n,1) + .Jl(p,n))] JI(nt,q))

201

G23xnmpq J 1 0 0f2 ,2(x~y;n~m)f3(xY;Plq)dxdy

- mtr([IO(n,p) - 11 (n,p,1)] Jl(q,m)

[Jl(p,n) - J2(P,n,l)] I0(m,q))
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201

G24nimpq - J 0 0f2,2(x~y;nsm)f4(XIY;PIq)~dxy

- mfi([J 0(1,n,p) - Jl(1,n,p,1)I J2(l,m,q)

- [1(1 n) -1 2(l,p,n,l)] Il(1,m,q)

'-V.+ (J2 (l,n,p) -J 3 (1~n,p,1)] J0 (1,m,q))

22
G22nmpq J 0  Jof2,2(xY-;nsm)f2,2(XY;Pq)~dxy

-mqir2 U[2I0(n,p) - 211(n,p,l) - 213(n,p,l) + 12(n,p,1,1)

+ 14(nl~p,1,1)] I0 (m,q)

- [J~~)- 2J2(n~p,l) + J3 (n,p,1,1)] Jl(q,m)

- [Jl(p,n) - 2J2(P,n,1) + J3(P,n,1,1)] J1 (m,q))

1101
110nmp - J1 J0 f3,1(x~y;nlm)f3,1(x~y;pIq)f5(xiY)dxdY

- npir2 J2(l,n,p) J0 (1,m,q)

11
220 J f,(~~~~3 2 xYP~f(s~xY 110

H3 35nmpq 0 32xynmf,=~ ~ ~ ~ 5XYdd - H335mnqp

1101
110rnp 10 Jof3,l(xsy;nsm)f3,1(x:y;pPq)f5(x~y)dxdy

-nir
2 (112(l,p,n,l) + P12(1,1,n,p)] Jl(1,1,m,q)

- J3(l,n,p,1) pJl(1,1,p,n)] IO(1,1,m,q))

220 [110
H345rmipq 1 0 =1 -32xynmf,(~~~~5xydd H345mnqp
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1011
11345ropq 1 10I f331(x,y;n,m)f4 (x,Y;P,q)f5,l(x,y)dxdy

- flf 2 r12(1,P,n,l) Jl(1,1,m,q) -J3(1,n,p,1)I0(1,1,m,q)]

11
202 I'101

H345pmpq 1- 1 f3 ,2 (x,y;n,m)f4(X,Y;P~q)f5 ,2(x..Y)d~xdY - H345mnqp

1 1
110

H445nimpq - 1 0f4 ,1(x,y;n,m)f4 ,1(x,y;p,q)f 5(x,y)dxdy

- jr2 (U6(1,n,p) J2(1,1,1,m,q) - U4(l,p,n)1 1(1,1,1,q,mf)

-U4 (l,n,p) Il(1,1,1,m,q) + U2 (1,n,p) J0 (1,1,1,m,q)]

220 f110
11445nmpq - J 0]1 f4,2(x,y;n,m)f4 ,2(x,Y;P,q)f5(x,y)dxdy - H445mnqp

H33nmp - f3(x,y;n,m)f3 , 1 (x,y;p,q)f5
,1(x,Y)dxdY

- =2 J2(n,p,1) J0 (1~m,q)

1 1

H335nmpq - JJf 3(xY;flm)f3,2(x~y~p)f5,2(x~y)dxdy - H335mnqp

H345nmpq - j01 3xynmf,(~~~~51XYdd

m X2 (112(n,p,1,1) + P12(l,n,p,l)] Jj(1,1,m,q)

- J3(n,p,1,1) - pJl(1,n,p,1)] I0(1,1,m~q))

H345nimpq - Jo nm~4,(xyp~ f,2x -dd H345mnqp
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OIil
H1445nmpq - f4xynmf41xypqf51xydd

- {1 (J2 (l,n,p,l,l) + PJ2Q,fl,P,p1)] J2(l,l,l,m,q)

+ EJz+(l,n,p,l,l) - PJ2 (l,l,p,n,l)] JO(l,1,l,m,q))

022 Oil1
H445nmpq - J0 Jf4(x~y;n~m)f4,2(XtY;P~q)f5,2(xJY)dxdY - H44smnqp

15oq- JIJf1xYnmf,(x#y;pPq)f5,l(xsy)~dxy
- pir3 (114(n,p,1,l) - nl12(l,nl,p,l)] Il(l,q,m)

+ (J3(n,p,l,l) + nJ3(l,n,p,l)] J0 (l,m,q)1

122 1 £ Jfl~l(xsy;n~m)f3,2(xY;P~)fS,(D)d

-qir3 ([12(l,p,n,l) - nIO(l,1,n,p)] 13(m,q,l)

+ [Jl(1,n,p,1) + nJl(1,1,p,n)] J2(m,q,1))

H145pjmpq - 10 1ollxynmf,(~~~~slxydd

3irr {(U3(1,n,p) 12(1,1,m,q) - Ul(l,n,p) Jl(1,1,q,m)

+ US(l,n,p) Jl(1,1,m,q) - U3(l,p,n) IO(1,l,m,q)]
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122 r llxynmf42xYdd
H145r~ipq 2(-;Pqf

-i
3 (EJ2(1,1,p,f~l1) - nJ0(1,1,1,n,p)]II4(m,q,1,1) -ql 2(1,q,m,l)]

- 13(1,1,n,p~l) - nIl(1,1,1,n,p)][J3(q,m,1,1) + qJ3(1,ni,q,1)]

+ [II(1,1,n,p,l) + nIl(1,1,1,p,n)](J 3 (ml,ql,l,) - qJl(l,m,q,l)]

- J2(1,1,n,p,1) + nJ2(1,1,1,n,p)](II(m,q,1,l) + q12(l,m,q,l)])

2121

H135nmpq J 0 0fl,2(xiy;n~m)f3 ,1(x~y~ps)f5,2(x~y)~dxy

- rmpff3 [Jl(1,1,n,p) J2(q,m,l)- 12(1,1,nl,p) Il(m,q,1)]

221r
H135nmoq - 10f l2xynmf,(-;~~51xydd

-mqff3 [Jl(1,n,p,l) J2(l,m,q)- 12 (1,n.,n,l) 11 (1.m,q)]

212 I
H145pjujpq - J0 J0 fl,2(x~y;nhm)f4,1 (x~y~ps)f5,2(xIy)dxdy

m mR3 t[Il(1,1,n,p,l) + p11 (1,1,1,n,p)] J3(l,m,q,1)

- (J2(1,1,n,p,l) - pJ0 (1,1,1,n,p)] 12(l,q,m,l)

- [J2(1,1,P,n-1) + PJ2(1,1,1,n,p)] 12(l,m,q,l)

+ [13(1,1,n,p,l) - plI(l,l,1,p,fl)] Jl(1,m,q,1)}

11
221r

H145ropq - Jo J0 fl,2(x,y~n~m)f4,2(x~y~p~q)f5,1(xly)dxdy

m mlr3 {11(1,1,n,p,l) fJ3(1,m,q,1) - qJl(1,1,q,m)]

- J2(1,1,n,p,1) 112(l,q,m,l) + q12 (1,1,m,q)]

- J2(1,1,p,n,l) [J2(1,m,q,1) - qI0(1,1,xn,q)]

+ J3 (1,1,n,p,1) [JI(l,m,q,!) + qJl(1,l1in,q)])
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1123npq-J 10f2 ,1(x,y;n,m)f3 ,1(x,y;p,q)f5 ,2(x,y)dxdy

pjr3 ([n(1 2(l,n,p,l) -Il(1,n,p)) + 12 (1,1,n,p)i J2 (q,m1l)

+ fn(J2 (1,n,p) -J 3(1,n,p,l)) + Jl(1,1,n,p)] Il(m~q,l))

1211

H235rimpq J 0 Jof2,1(x~y;nhm)f3,2(xY;Plq)f5,1(xIy)~dxy

Sqir3 ([n(12(n,p,1,1) -Il(n,p,1)) + 12(l,p,n,l)] J2(l,m,q)

+ [ri(J2(P,n,1) -J 3(p,n,1,1)) + Jl(1,n,p,1)] II(1,m,q))

1121

H245rp-pq - 10J f,(~~~~41x~~~~52xydd

- ir 3 ((J2(1,1,p~n,1) + PJ2(1,11 1,n.D) + n(J2(1,n,p,1,1)

- Jl(1,n~p,1)) + nP(J2(1,1,n,p,1) - Jl(1,1,n,p))] J3 (1,m~q,1)

113(1,1,n~p~l) - pIl(1,1,1,p,n) + n(13(l,n,p,1,1) - 12(1,n,p,1))

+ [II(1,1,n,p,1) + pIl(1,1,1,n,p) - n(13(l,p,n,1,1) - 12(1,Pn,fl,))

- nP(13(1,1,n,p,l) - 12(1,1,n,p))] 12(l,m,q,l)

- J2(1,1,n,p,1) - pJ0(1,1,1,n,p) - n(J4(1,n,p,1,1) - J3(1,n,p,1))

+ nP(J2(1,1,p,n,1) - Jl(1,1,p,n))] Jl(1,m,q,1))

11
121

11245nnipq - Jo Jo f2,1(x~y;nlm)f4,2(xlY;P~q)f5,1(xY)dxdY

- Jr3 {[J2 (1,1,p,n,1) + n(J2(1,n,p,1,1) - Jl(1,n,p,1))]

[J3(1,m,q,1) - qJl(1,1,q,m)]

- 13(1,1,n,p,l) + n(13(l,n,p,1,1) - 12(l,n,p,l))]

[12(l,q,m,l) + q12(1,1,m,q)]

+ [Il(1,1,n,p,1) - n(13(l,p,n,1,1) - 12 (1,p,n,l))]

141



- J2(1,1,n,p,1) - n(J4 (1,n,p,1,1) - J3(1~n,p,l))]

2111

H235panpq - Jolf,(~~~~31(~~~~5lxydd

- mpir3 1fJ2 (n,p,1) - J3 (n,p,1,1)] II(1,q,m)

- (13(u,P,l) - J4 (n,P,1,1)] J0(1,m,q))

222 r
H235ij~1 - J f2,2(x~y;n~m)f3,2(xY;P~q)f5,2(x~y)dxdy

- mqir3 ([J0 (1,n,p) - JI(l,n,p,1)] 13(m,q,l)

- [Il(i,p~n) - 12(l,p,nfl,)] J2(m,q,1))

2111

H245i.~p - Jf2,2(x,y;n,m)f4, 1(x,y;p,q)f5,1 (XY)dxdY

- mfIO u112(n,p,1,1) - 13(n,p,1,1,1) + P(12(i,n,p,l)

- J(1,n,p,1,1))I 12(l,',,qm)

- J3 (P,n,1,1) - J4(P,n,l,l,l) + P(J3(1,n,p,1)

- J4 (1,n,p,1,1))] Jl(1,1,m,q)

+ t14(n,p,1,1) - 15(n,p,1,1,1) - P(12(l,p,n,l)

-13(l'p *n, 1, 1))] I0(1 ,1,ni,q))
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222 f 2,( F.mf,(,YPqf,2xydd
H245nmpq - b0 0

- mit3 ([I0(1,1,n,p) - Il(1,1,n,p,l)J[14(m,q,1,1) - q12 (l,q,m1l)I

- [J1(1,1,n,p) - J2 (1,1,n,p,1)][J 3(q,m,1,1) + qJ3(1,m,q,1)]

- [J1(1,1,p,n) - J2(1,1,p,n,1)][J3 (m,q,1,1) - qJl(1,m,q,l)]

+ [12(1,1,n,p) - 13(1,1,n,p,l)]II2(m,q,1,1) + q12 (l,m,q,l)])

1 1

13355runpq - J0 10 f1xynmf31xypq5,x ,Yj5(x,Y)dxdY

- nplr4 14(n,p,1,1) I0(1,1,m,q)

11

I335rnmpq - J0 J10f3,1(xIy;n~m)f 3,1(xly;plq)f5,2(xIY)f5,2(xsy)dxdy

- flpir4 12(1,1,nI,p) 12(m,q,1,1)

1 1

1212F F
13355runpq -0 0f, 1(x,y;n,m)f3,2(x,y~p,q)f5,1(X,Y)f5 ,2 (X,Y)dxdY

- nqlr4 12(i,p,n,l) 12(1,MQ,l)

11

111 r
13455runpq - L0 J1f3,1(x,y;n,m)f4,1(x,y;p,q)f5,1(X,Y)f5 1(x,y)dxdy

- nit4 ([J4 (P,n,1,1,1) + PJ4 (1,n,p,1,1)] Il(1,1,1,m,q)

1122F
13455runpq - J lxynmf,(xypqf,(-t,~52xYdd

- n~r4 UIJ 2(1,1,p,n,1) + PJ2(1,1,1,n,p)] 13(l,m,q,l,i)
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1212

1345rnmpq - J Jf3,1(xIy;n~m)f 4,2(xY;Plq)f5,1(xsY)f5,2(xtY)dxdY

WAu (J2(1,1,p,n,1) [13 (l,m,q,1,1) - qIl(1,1,m,q,1)]

-13 (1,1,n,p,l) tJ2(1,m,q,!,1) + qJ2(1,1,m,q,1)I)

2211 r r1122
13355nmpq 10 b ' f32xynm~32XYPq =1xYf51xyd 

13355mnqp

2222 F11
13355rupq I Jlf,(~ynmf,2xypqf, =Yf,(XYdd 

13355mnqp

2112 I
- 0
1212

- 1 :3455mnqp

2222
13455pnmpq 1 0  lo32xynmf,(,;~qf,(,~52XYdd

- 1 3455mnqp

1115npq1 0 F ' Ff4(xyn~m)f ,(x~yp~q)f ,(XY)f ,(XY)dxdY

-B2 (1,1,n,p) J1 (1,1,1,1,m,q) + B3(1,1,n,p) 10 (1,1,1,1,rn,q)]

11

1122 f,~~~~~41xypqf,(,~52xYddJ45np 0  10
- r4~ [B6 (1,1,n,p) 14 (1,1,m,q,1,1) - B5(1.,1,p,n). J3(1,1,q,m,1,1)

- B5(1,1,n,p) J3 (1,1,m,q,1,1) + B4 (1,1,n,p) 12(1,1,mi,q,1,1)]

144



1212

14455nmpq 0 I f4 ,1(x,yfl,mf)f 4,2 (X,Y;P,q)f5 ,1 (X,Y)f5,2(x,y)dxdy

l r4 [Cl(1,1,p,n) C4(1,1,m,q) - C3(1,P,1,n) C3(1,m,l,q)

- C2(1,1,p,n) C2(1,1,m,q) + C4(1,1,p,n) Cl(1,1,m,q)]

2211 j r
14455rnmpq 0 J0 f4,2(x,y;n,m)f4 ,2 (X,Y;P,q)f5,1 (x,Y)f5,1(X,Y)dx~dY

1122
-
13455mnqp

1 1
2222

14455rupq -0 J0  f42xynmf,(,;~qf,(,~52XYdd

1 4455mnqp

1101

H334rnmpqrs -0 J 10 f3,1(x,y;n,m)f3,l(x,y;p,q)f4(x,y~r,s)dxdy
-npir

2 [12(l,r,n,p) Jl(1,m,q,s) - J3(l,n,p,r) I0 (1,r,q,s)]

1101
110rnpr 10 Jo f3,1(x,y;n,m)f4 ,1(x,y;p,q)f4(x,y;r,s)dxdy

- ti 2 ([J2(1,P,r,n,1) + PJ2(1,1,r.n,p)I J2(1,1,m,q,s)

- 113(l,p,n,r,l) + P13(1,1,n,p,r)] Il(1,1,m,s,q)

- 113(l,r,n,p,l) - p11 (1,1,p,r,n)] Il(1,1,m,q,s)

+ [J4(1,n,p,r,1) - PJ2 (1,1,p,n,r)] J0 (1,1,m,q,s))

220 F110
H334nmpq J J 0If3,2(xIy;n~m)f3,2(xsy;pPq)f4(x~y~rls)dxdy - H334mnqpsr

0
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20210
H344prmpqrs - J1 Jof3,2(x~y;nhm)f4(xsy; .p~q)f42(x~y;r~s)dxdY -H344ninsrqp

Oilp~pr 10 , f3(x,y;n,m)f3,1(x,y;p,q)f3 ,1(x,y;r,s)dxdy

_ prwr2 J2(n,p,r) J0(m,q,s)

Oilp~pr - J J f3(x,y;n,m)f3,1(x,y;p,q)f4 ,1(x,y;r,s)dxdy

_ pir2 (112(n,r,p,l) + r12(l,n,p,r)] Jl(l,m,q,s)

- J3 (n,p,r,1) - rJl(1,n,r,p)] Io(l,m,q,s))

022 s f0 
01

022 Oil01
H334pampqrs 0 j f3(x~y;n~m)f3,2(XY;P)q)f43 (YrsddY=-

1 34tqr

Oil~mr - J J f3(x,y;n,m)f4,1(x,y;p,q)f4,l(x,y;r,s)dxdy
-Ir

2 [U6(n,p,r) J2 (1,1,m,q,s) - U4(n,r,p) Il(1,1,m,s,q)

U4(n,p,r) Il(1,1,m,q,s) + U2(n,p,r) J0 (1,1,m,q,s)]

11i

H344nmpqrs 1 J 3xynmf42xYPqf,2xyrsdd - H344mnqpsr
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Oilr
H444rmjpqrs - J 0J1 f4(x,y;n,m)f4,1(x,y;p,q)f4,1(x,y;r,s)dxdy

- IN2 [B6 (l,n,p,r) J3(1J,1i,M,q,s) - B5(l,n,r,p) 12(1,1,1,s,m,q)

- B5(l,n,p,r) 12(1,1,1,q,m,s) + B4 (1,n,p,r) Jl(1,1,1,q,s~m)

- V6(n,p,r) 12(1,1,1,m,q,s) + V5(n,r,p) J1(1,1,1,m,s,q)

N, + V5(n,p,r) Jj(1,1,1,m,q,s) - V4(n,p,r) IO(1,1,1,m,q,s)]

022 Oi1
H444nm.pqrs -J0 lo4xy - -2(~~~~f,(~~rsdd H444mnqpsr

H133nmjpqrs - J 0fl,l(x,y;n,m)f3 ,1 (x,y;p,q)f3 ,1(x,y;r,s)dxdy

- prir3 (114(n,p,r,l) - n12(l,n,p,r)] Il(q,s,m)

+ [J3(n,p,r,1) + nJ3(1,n,p,r)] J0 (m,q,s))

illp~pr 1 J J fl,l(x,y;n,m)f3,1(x,y;p,q)f4,1(x,y;r,s)dxdy

- pwr3 [U3(P,n,r) 12(l,q,m,s) - Ul(p,n,r) Jl(l,q,s,m)

*+ U5(P,n,r) Jl(1,m,q,s) - U3(p,r,n) IO(l,m,q,s)]

1221

Hm3rnqrs -J0 J1 fl11 (x,y;n,m)f3,2(x,Y;P,q)f3 ,2(x,y;r,s)dxdy

- qs7r3 ([12(P,r,n,l) - nIo(1,n,p,r)] 13(m~q,s)

+ [Jl(n,p,r,1) + nJl(1,p,r,n)] J2(m,q,s))
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122r r
H134rumpqrs - fl~l(x,y;n,m)f3,2(x,y;p,q)f4,2(x,y;r,s)dxdy

.qir 3 {[J2 (1,p,r~n,1) - nJO(1,1,n,p,r)]fI4(m,q,s,l) -s1 2(lis,m,q))

1 13(1,P,n,r,l) - n~l(1,1,n,p,r)]tJ3(s,ia,q,1) +s-J 3 (l,m,q,s)]

+ [Il(l,n,p,r,l) + nIl(1,1,p,r,r.)]EJ3(m,q,sil) -sJi(l,m,s,q)]

- J2(l,n,p,r,l) + nJ2(1,1,p,n,r)][I2(m,s,q,l) + si2(1,m,q~s)])

H11 44nmpqrs - JJfl~l(x,y;n,m)f4,1(x,y;p,q)f4 ,1(x,y;r,s)dxdy

_ v3 tW2(n,p,r) 13(1,1,m,q,s) - W3(n,r,p) J2(1,1,s,m,q)

- W3(n,p,r) J2 (1,1,q,m,s) + Wl(n,p,r) Il(1,1,q,s,m)

+ W4 (n,p,r) J2 (1,1,m,q,s) - W2(r,n~p) Il(1,1,m,s,q)

- W2(P,n,r) II(1,1,m,q,s) + W3(P,k,n) J0 (1,1,m,q,s)I

H122j~qr - fl~l(x,y;n,m)f4 ,2 (X,Y;P,q)f4 ,2 (x,y;r,s)dxdy

_ Wr3 [TI(n,p,r) Ul(m,q,s) - C2(1,r,p,n) U3(m,q,s)

- C2(1,p,r,n) U3(m,s,q) + C4 (i,r,p,n) tJ5(m,q,s)

+ T2(n,p,r) U2(m,q,s) - Cl(l,r,p,n) U4(m,q,s)

-CI(1,p,r,n) U4 (m,s,q) + C3(1,p,r,n) U6(m,q,s)]

2123npr - J J fl, 2(x,y;n,m)f3,1(x,y;p,q)f3,2(x,y;r,s)dxdy
_ mpsir3 [JI(1,n,r,p) J2(q,m,s) - 12(l,r,n,p) I1(m,q,s)]
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212r r
H134nmpqrs - o 10 fl,2 (x,y;n,m)f3j1(x,y;p,q)f4 ,2(x.y~r,s)dxdy

- mpir3 (Ij(1,1,n,r,p) [J3(q,m,s,l) - sJ1 (l,q,s,m)]

- J2(1,1,n,p,r) fJ2(q,s,m,1) + 312(l,q,m,s)]

- J2(1,1,r,n,p) 112(m,q,s,l) - sI0(l,m,q,s)]

+ 13 (1,1,n,p,r) [Jl(m,q,s,l) + sJl(1,m,q,s)])'

1 1
221

Hl134nmpqrs -1 10 fl, 2(x,y;n,m)f3,2(x,Y;P,q)f4,1(x,y~r,s)dxdy

=mqir
3 ([Il(1,n~p,r,1) + r11 (1,1,n,p,r)] J3(l,m,q,s)

- [32(1,n,p,r,1) - rJ0(1,1,n~p,r)) 12 (l,s,m,q)

- [J2(1,p,r,n,1) + rJ2(1,1,p,n,r)I 12(l,m,q,s)

+ [13(l,p,n,r,l) - r11 (1,1,p,r,n)] Jl(1,m.s,q))

1 1
212

Hl44unmpqrs -0 I J fl, 2(x,y;n,m)f4,1(x,y~p,q)f4,2(x,y~r,s)dxdy
=mir

3 (T2(P,n,r) [J4 (1,m,q,s,1) - sJ2(1,1,s,m,q)]

-Cl(l,r,n,p) [13(l,s,m,q,l) + s13(1,1,m,q,s)]

-TI(p,n,r) [13(l,q,m,s,l) - s11(1,11 q,s,m)]

+ C2(1,r,n,p) [J2(1,q,s,m,1) + sJ2(1,1,q,s,m)]

- Cl(l,n,r,p) 113(l,m,q,s,l) - s11(1,1,m,s,q)]

+ C3(1,n,r,p) [J2(1,m,s,qJ.) + sJ2(1,1,m,q,s)]

+ C2(1,n,r,p) fJ2(1,m,q,s,l) - sJ0(1,1,m,q,s)]

-C4(l,r,n,p) [Il(l,m,q,s,l) + s11 (1,1,m,q,s)])
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112r 1 r
11233rimpqrs - 10 .0 f2,1(x,y;n,m)f3,1(x,y;p,q)f3,2(x,y;r,s)dxdy

- psw3 {[12(l,r,n,p) + n(12(n,r~p,l) - Il(n,r,p))1 J2 (q,m,s)

+ [JI(1,n,r,p) - n(J3(r,n,p~l) - J2(r,n,p))] 11(m,q,s))

H234nmpqrs - : :f2,1(x,y;n,m)f3,1(x,y;p,q)f4,2(x,y;r,s)dxdyt

- ipo ([J2(1,1,r,n,p) + n(J2(1,n,r,p,1) - Jl(l,n,r,p))]

[J3(q,m,s,l) - sJl(l,q,s,m)]

1 13(1,1,n,p,r) + n(13(l,n,p,r,l) - 12(l,n.p,r))]

112(q,s,m,l) + s12(l,q~m,s)]

+ [Il(1,1,n,r,p) - n(13(l,r,n,p,l) - 12(l,r,n,p))]

112(m,q~s,l) - sl0 (1,m,q,s)]

- J2(1,1,n,p,r) - n(J4(1,n,p~r,1) - J3(1~n,p,r))]

[Jl(m,q,s,1) + sJl(1,ni,q,s)])

121r' 1
H234nmpqrs - o J0 f2,1(x,y;n,m)f3,2(x,Y;P,q)f4,1(x,y;r,s)dxdy

-qir
3 1[J2(1,p,r,n,1) + n(J2 (n,p,r,1,1) - JI(n,p,r,l)) + rJ2(1,1,p,n,r)

+ nr(J2(1,n,p,r,1) - Jl(1,n,p,r))] J3(i,m,q,s)

- 13 (l1pn,r,l) + n(13(n,p,r,1,1) - 12(n,p,r,l)) - r11 (1,1,p,r,n)

-nr(Il(1,n,r,p,1) - 10(l,n,r,p))] 12(l,s,m,q)

+ [Il(1,n,p~r,1) - n(13(P,r,n,1,1) - 12 (P,r,n,l)) + r11 (1,1,n,p,r)

-nr(1 3(l,p,n,r,l) - 12(1,P,n,r))I 12(1,m,q,s)

1J2(1,n,p,r,l) - n(J4(P,n,r,1,1) - J3(P,n,r,l)) - rJ0 (1,1,n,p,r)

+ nr(J2 (1,p,r,n,l) - Jl(1,p,r,n))] Jl(1,m,s,q))
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1121

H244pjmpqrs - Jo ' f21l(x,y;n,m)f4 ,1(x,y;p,q)f4 ,2(x,y;r,s)dxdy
- ff3 (Ql(n,p,r) [J4 (l,m~q,s,l) - sJ2(1,1,s,m,q)]

- Q2(n,p,r) [13(l,s,m,q,l) + s13(1,1,m,q,s)]

- Q3(n,p,r) [13(l,q,m,s,l) - s11(1,1,q,s,m)]

) + Q4(n~p,r) [J2(1,q,s,m,1) + sJ2(1,1,q,m,s)]

+ Q5(n,p,r) [13 (l,m,q,s,l) - s11(1,1,m,s,q)J

- Q6(n,p,r) 1J2 (l,m,s,q,l) + sJ2(1,1,m,q,s)]

- Q7 (n,p,r) [J2(1,m,q~s,1) - sJ0(1,1,m,q,s)]

+ Q8 (n,p,r) [Il(l,m,q,s,l) + sIl(1,1,m,q,s)])

11

H233unmpqrs -' f2,2(x,y;n,m)f3,1(x,y;p,q)f3,1(x~y;r,s)dxdy

- mpr~r3 ([J2(n,p,r) - J3 (n,p,r,l)] Il(q,s,m)

- 13(n,p,r) - 14(n,p,r,l)] J0(m,q,s))

11

H234pnmpqrs ' J0 0 f2,2(x,y;n,m)f3,1(x,y;p,q)f4 ,1(x,y;r,s)dxdy

- Mpir3 ([12 (n,r,p,l) - 13(n,r,p,1,1) + r(12(l,n,r,p)

- 13(l,n,r,p,l))] 12(l,q,m,s)

- [J3(n,p,r,l) - J4 (n,p,r,1,1) - r(JI(l,n,r,p)

- J2(1,n,r,p,1))] Jl(1,q,s,m)

- [J3(r,n,p,l) - J4 (r,n,p,1,1) + r(J3 (l,n,p,r)

-J4 (l,n,p,r,l))] Jl(l,m,q,s)

r + [14 (n,p,r,l) - I5(n,p,r,1,1) - r(12 (llr,n,p)

-13(l,r,n,p,1)] I0 (1,m,q,s))
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2221 1

H233nmpqrs - Jo J0 f2,2(x,y;fl,m)f 3,2(x,Y;P,q)f 3,2(lhy~r~s)dxdy

- mqsir3 ((J0(n,p,r) - Jl(n,p,r,l)] 13(m,q,s)

- Il(p,r,n) - 12(p,r,n,l)1 J2(m,q,s))

H234nmpqrs - oJf 2,2(x,y;fl,m)f3,2(x,Y;P,q)f4,2(x,y~r~s)~dxy

- mqw3 t[I 0(l,n,r,p) - 11(l,n,r,p,l)][14(m,q,s,l) - sl2(l,s,m,q)]

- [Jl(l1n,p,r) - J2 (1,n,p,r,l)]lJ3(s,m,q,l) + SJ3(l,m,q~s)]

- [Jl(l,p,r,fl) - J2(1,P,r,n,1)]tJ 3(U1,q,s,l) - sJl(l,m,s,q)]

+ 112 (1,P,n,r) - 13(l,p,n,r,l)](12(m,s,q,l) + s12(l,m,q,s)])

2111

H244ropqrs -5 Jo1 f2,2(x,y;fl,m)f 4,1(x,y~p,q)f4,1(x,y~r~s)dxdy

- mtr3 [Pl(n,p,r) 13(1,1,m,q,s) - P2(n,r,p) J2 (1,1,s,m,q)

- P2(n,p,r) J2(1,1,q,m.s) + P3 (n,p,r) Il(1,1,q,s,m)

- P4 (n,p,r) J2(1,1,m,q,s) + P5(n,r,p) Ij(1,1,m,s,q)

+ P5(n,p,r) Jl(1,1,m,q,s) - P6(n,p,r) J0(1,1,m,q,s)]

222r r
H244nmapqrs - J1 Jo f2,2(x,y;fl,m)f 4,2(x,Y;P,q)f4,2(x,y~rs)dxdy

- mir3 U[Jo(1,1,n,p,r) - Jl(1,1,n,p,r,l)] Ul(m,q,s)

- [Il(1,1,n,p,r) - 12(1,1,n,p,r,l)] U3 (m,q,s)

- [Il(1,1,n,r,p) - 12(1,1,n,r,p,1)I U3(m,s,q)

+ [J2(1,1,n,p,r) - J3(1,1,n,p,r,l)] U5(m,q,s)

- [Il(1,1,p,r,n) - 12(1,1,p,r,n,l)] U2 (m,q,s)

"+ f32(1,1,p,n,r) - J3(1,1,p,n,r,l)] U4(m,q,s)

"+ [J2 (1,1,r,n,p) - J3(1,1,r,n~p,l)1 U4 (m,s,q)

- 13(1,1,n,p~r) - 14(1,1,n,p,r,l)lj U6(m,q,s))
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13335rnmpqrs - J1 1 f3,1(x,y;n,m)f3,j.(x,y;p,q)f3,1(x,y;r,s)f5,1(X,Y)dxdY

- nprff4 14(n,p,r,1) IO(l,mtqos)

11

I3335npqrs - J0 J10 f3,1(x,y;n,m)f3 ,1(x,y;p,q)f3,2(x,y;r,s)f5 ,2(X,Y)dxdY

- npsff4 12(l,r,n,p) 12(m,q,s,1)

1335nmqr 1 Jo f3,1(x,y;n,m)f3,1(x,y;p,q)f4,1(x,y;r,sf(xydy

- npir4 ([J4 (r,n,p,1,1) + rJ4 (1,n,p,r,1)] Il(1,1,m,q,s)

- 15(n,p,r,1,1) - r13 (l,r~n,p1l)] J0 (1,1,m,q,s))

1221

1333nmpqrs -Jo J0 f3 1(x,y;n,m)f3 ,2(x,Y;P,q)f3 ,2(x,y;r,s)f5,:(x,y)dxdy

1122

- 13335srqpmn

1212pqs J J f31l(x,y;n,m)f3,2(x,Y;P,q)f4,1(x,y;r,s)f5,2(x,y)dxdy

- nqir4 ((J2 (1,P,r,n,1) + rJ2(1,1,p,n,r)] 13(l,m,q,s,l)

- 13(l,p,n,r,1) - r11 (1,1,p,r,n)] J2 (1,m,s,q,1))

1221qr - 1 f3,1(x,y;n,m)f3,2(x,Y;P,q)f4,2(x,y;r,s)f51 l(x,y)dxdy
1212

--
1 3345qpmnsr
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13445nmpqrs - J0 J f3 ,1(x,y;n,m)f4,1(x~y;p,q)f4, 1(x,y;r,s)f5 ,1(x,y)dxdy

_ nff4 [BI(1,n,p,r) Ii(1,1,1,m,q,s) - B2(1,n,r,p) Jj(1,1,1,m~s,q)

-B2(1~n,p,r) J1(1,1,1,m,q,s) + B3(1,n~r,p) J0(1,1,1,m,q,s)]

1122

1344nmpqrs -J0 J f3,1(x,y;n,m)f4,1(x,y;p,q)f4,2(x,y;r,s)f5,2(x,y)dxdy
. nir4 (Cl(l,n,r,p) C4(m,1,q,s) - C3(1,n,r,p) C2(m,1,q,s)

-C2 (l~n,r,p) C2 (m,1,q,s) + C4 (l,n,r,p) Cl(m,1,q,s)]

1221
13445nmpqrs - J1 j0 f3,1(x,y;n,m)f4,2(x,Y;P,q)f4,2(x,y;r,s)f5,1(x,Y)dxdy

- fir4 112(1,1,p,r,n,l) B4(l,m,q,s) - J3(1,1,p,n,r,1) BS(1,m,q,s)

-J3(1,1,r,n,p,1) B5(l,m,s,q) + 14(1,1,n,r,p,1) B6(1,m,q,s)]

2222nmqr 1 J j f3 ,2(x,y;n,m)f3,2(x,Y;P,q)f3,2(x,y;r,s)f5 ,2(x,Y)dxdY

-
13335mnqpsr

1122r~mqr - j f3,1(x,y;n,m)f3,1(x,y;p,q)f4,2(x,y;r,s)f5,2(x,Y)dxdY

. npff4 (J2(1,1,r,n,p) 113(m,q,s,1,1) - sIl(1,m,q,s,l)]

-13(1,1,n,p,r) [J2(m,q,s,1,1) + sJ2 (i,m,q,s,1)]1

2211 1 F0sf,(xydd13345ruupqrs 1 0  bf3,2(x~y;n,m)f3,2 ,.ý,y;p,q)f4,1(x,y;r,s~ 5 1 xydd

1122
- 13345mnqpsr
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2222 F Jo f,,2(x,y;n,m)f3 ,2(x,Y;P,q)f4,2(x,Y;r,s)f5,2 (x,Y)dxdY13345rmpqrs Jo

- 13345mnqpsr

2112 1 0f,2xynmfxypqf41xyr
13445nmpqrs j 10 ,2xynmf,(~~~~ 4 1 xyrs)f5,2 (x,Y)dxdY

1221
- 13445mnqpsr

2211 1 0f 32xynmfsf51xydy
13445nmpqrs - f32(0 nm~4 2(x,Y;P,q)fi4,1(x,y;r~sf 1 xydd

1122

'13445mnqpsr

I1345npqrs J 0' J0 f3,2(x,y;n,m)f4,2(x,Y;P,q)ft4, 2(x,y;r,s)f5,2 x,Y)dxdY

'13445mnqpsr

14445rnmpqrs - 1 f4,1(x,yv;n,m)f4,1(x,y;p,q)f4 ,1 (x,y;r,s~f5 ,1 (X,Y)dxdy

- ?r4 [El(1,n,p,r) Dl(1,m,q,s) -E2(l~r,n,p) D2(l,s,m,q)

-E2(1,p,n~r) D2(l,q,m,s) + E3(1,p,r,n) D3(l,q,s,m)

-E2(1,n,p,r) D2 (l,m,q,s) + E3(1,n,r,p) D3(1,m,s,q)

+ E3 (l,n,p,r) D3(l,m,q,s) - E4(1,n,p,r) D4(l,rn,q,s)]

r
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1122

14445rnmpqrs - J0 j f4,1(x,y;n,m)f4,1(x,y;p,q)f4 ,2(x,y;r,s)f55 2(x,y)dxdy

_ ff4 (G6(l,r,n,p) F6 (l,s,m,q) - G3(l,r,n,p) F3(l,s,m,q)

- G5(l,r,p,n) F5(l,s,q,m) + G2(l,r,p,n) F2(1,s,q,m)

- G5(1,r,n,p) F5 (1,s,m,q) + G2(1,r,n,p) F2(1,s,m,q)

+ C4(i,r,n,p) F4 (l.s,m,q) - CI(l,r,n,p) Fl(1,s,m,q)1

11
1221 F

14445rmnpqrs -0 11j f4,1(x,y;n,m)f4,2(x,Y;P~q)f4,2(x,y;r,s)f5,1(x~y)dxdy

1122
- 1 4445srqpmn

1 1
2222F F

14445nmpqrs 0 J0 f4,2(x,y;n,m)ft4, 2(x,Y;P,q)f4,2(x,y;r,s)f5,2(x,y)dxdy
1111

- - .4445mnqpsr

13333nmpqrstu - J0 0 f3,l(x,y;n,m)f3 ,1(x,y;p,q)f3 ,1(x,y;r,s)f3 ,l(x,y;t,u)dxdy

- nprtin4 14 (n,p,r,t) IO(m,q,s,u)

13334nmipqrstu - J0 j0 f3,1(x,y;n,m)f3,l(x,y;p,q)f3,1(x,y;r,s)f4,1(x,Y;t,u)dxdy
- nprlr4 ([J4 (t,n,p,r,1) + t34(1,n,p,r,t)] Ilk(i,m,q,s,u)

1 15 (n,p,r,t,l) - t13 (l,t,n,p,r)) J0 (1,m,q,s,u))

13333mpqrst - J J f3,1(x,Y;n,m)f3,1(x,y;p,q)f3,2(x,y;r,s)f3,2(x,Y;t,u)dxdy
- npsuff4 T12(r,t,n,p) 12(m,q,s,u)
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1122
13334rmpqrstu - J0 J f3,l(x,y;n,m)f3,1(x,Y;p,q)f3,2(x,y;r,s)f4,2(xc,Y;t,u)dxdY

- npsir4 IJ2(1,r,t,n,p) [13(m,q,s,u,1) - uIl(1,m,q,u,s)]

-13(l,r,n~p,t) [J2(m,q,v,s,1) + uIJ2(l,m~,q,s,u)])

1121

13344nmpqrstu - J0 Jo f3,l(x,y;n,m)f3,1(x,y;p,q)f4,2(x,y;r,s)f4,2(x,Y;t,u)dxdy

- npir4 [12(1,1,r,t,n,p) B4 (m,q,s,u) - J3(1,1,r,n,p,t) B5(m,q,s,u)

-J3 (1,1,t,n,p,r) B5(m,q,u,s) + 14(1,1,n,p,r,t) B6(m,q,s,u)]

1221apqst -J J f3,1(x,y;n,m)f3 ,2(X,Y;P,q)f3 ,2(x,y;r,s)f4,1(x,Y; tu)dxdy

1122
-
13334srqpmnut

1212 - J f3,l(x,y;n,m)f3,2(x,y;psq)f4 ,1(x,y;r,s)f4 ,2(x,Y; t,u)dxdy
- nqir4 [Cl(p,n,t,r) C4(m,q,s,u) - C3(p,n,t,r) C3(m,q,s,u)

-C2(P,n,t,r) C2(m,q,s,u) + G4 (P,n,t,r) Cl(m,q,s,u)]
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13444rmpqrstu - J Jf-,1(x,y;n,m)f4,1(x,y;p,q)f4,1(x,y;r,s)f4,1(x,Y;t,u)dxdy
- nir4 [EI(n,p,r,t) Dl(m,q,s,u) -E 2(n,t,p,r) D2(m,u,q,s)

- E2(n,r,p,t) D2(m,s,q,u) + E3(n,u,t,p) D3(ml,s~u,q)

- E2(n,p,r,t) D2 (m,q,s,u) + E3(n,p,t,r) D3(m,q,u,s)

+ E3(~n,p,r,t) D3(m,q,s,u) - E4(n,p,r,t) D4 (m,q,s,u)]

1121

1344rimpqrstu - J0 J0 f3,l(x,y;n,m)f4 ,1(X,Y;P,q)f4,2(x,y;r,s)f4 ,2(X,Y;t,u)dxdy

- nir4 [Fl(n,p,r,t) Gl(m,q,s,u) - F2(n,p,r,t) G2(m,q,s,u)

- F2(n,p,t~r) G2(m,q,u,s) + F3(n,p,r,t) G3(m,q,s,u)

- F4 (n,p,r,t) G4(m,q,s,u) + F5(n,p,r,t) G5(m,q,s,u)

+ F5(n,p~t,r) G5 (m,q,u,s) - F6(n,p,r,t) G6(m,q,s,u)]

11

1333rnpqrstu - J Jf3,2(x,y;n,m)f3,2(X,Y;P,q)f3,2(x,Y;r,s)f3,2(x,Y;t,u)dxdY

11

~1334mpqrstu r f3,2(x,y;n,m)f3,2(x,Y;P,q)f3,2(x,y;r,s)f4 ,2(x,y;t,u)dxdy

Jo JO

- 3334mnqpsrut

2211

I373,nmpqrstu - J J f3,2(x,y;n,m)f3 ,2(x,Y;P,q)f4,1(x,y;r,s)f4,1(x,Y;t,u)dxdy
Jo I

1122
- 13344mnqpsrut
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2222r r
13344nmpqrstu - J j0 f3 ,2(x,Y;n,m)f3,2(X,y;P,q)f4 ,2(x,y;r,s)f4,2(X,Y;t,u)dxdy

1111

- 13344mnqpsrut

2112

I344nmpqrstu - J0 J0 f3,2(x,y;n,In)f4,1(x,y;p,q)f4,1(x~y;r,s)f4 ,2(x,Y;t,u)dxdY

1122

--
1 3444mnutqpsr

13444runpqrstu -0 J f3,2(x,y;n,m)f4,2(x,Y;P,q)f4,2(X,Y;r,s)f4,2(x,Y;t,u)dxdy
-- 

13444mnqpsrut

14444nxnpqrstu - J0 J f4,1(x,y;n,m)f4,1(x,y;p,q)f4,1(x,y;r,s)f4,1 x,y;t,u)dxdy
- jr14 [KO(n,p,r,t) L0(m,q,s,u) - Kl(t,n,p,r) Ll(u,m,q,s)

- KI(r,n,p~t) Ll(s,m,q,u) + K2(r,t,n,p) L2 (S,u,m,q)

- Kl(p,n,r,t) LI(q,m,s,u) + K2(P,t,n,r) Lg(q,u,m,s)

+ K2(P~r,n,t) L2(q,s,m,u) - K3(P,r,t,n) L3(q,s,u,m)

- KI(n,p,r,t) Ll(m,q,s,u) + K2(n,t,p,r) L2 (m,u,q,s)

"+ K2(n,r,p,t) L2 (m,s~q,u) - K3(n,r,t~p) L3(m,s,u,q)

"+ K2 (n,p,r,t) L2(ui,q,s,u) - K3 (n,p,t,r) L3(m,q,u,s)

- 13(n,p,r,t) L3(m,q,s,u) + K4(n,p,r,t) Le1 (m,q,s,u)]
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1122 r f
1a4444nmpqrstu - j0 0 f4 ,1 (x,y;n,m)f4, 1(x,y;p,q)f4 ,2(x,y;r,s)f4 ,2 (X1Y~t,u)dxdY

m ff4 [H02(n,p,r,t) 1402(stutmtq) - M01 (n,p,r,t) 1110(s,u,m,q)

- M01 (n,p,t,r) Ml0(u.s,m,q) + H00 (n,p,r,t) M00 (s,u,m~q)

- M12 (P,n,r,t) M21(s,u,q,m) + Mll(p,n,r,t) Mll(6su,q,m)

+ Mll(p,n,t,r) Mll(u,s,q,m) -Ml0 (p,n,r,t) M01 (s,u,q,ni)

- M12(n,p,r,t) M21(s,u,m,q) + Mll(n,p,r,t) M11 (s,u,m,q)

"+ Mll(n,p,t,r) Mll(u,s,m,q) H M1 (n~p,r,t) M01(s,u,m,q)

"+ M22(n,p,r,t) M22(s,u,m,q) M21(n,p,r,t) M12(s,u,m,q)

M 21(n,p,t,r) M12(u,s,m,q) + M20(n,p,r,t) M0 2(squ,mlq)]

14444rpqrstu 1 J J f4,2(x,Y;n,m)f4,2(x,y;p,q)f4,2(x,y;r,s)f14,2(x,Y8t,u)dxdy
1 4444zmnqpsrut
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